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This paper introduces a novel adaptive second-order sliding mode algorithm for 
finite-time control of uncertain nonlinear systems. Traditional first-order sliding 
modes are hindered by chattering and dependence on the upper bound of 
uncertainty. Although adaptive sliding modes with dynamic gains remove the need 
for this upper bound, they still suffer from chattering and lack finite-time stability. 
The proposed algorithm incorporates an additional term in the control law, 
ensuring a smooth control signal, eliminating chattering, and achieving finite-time 
stability of the closed-loop system. This method is applied to a thrust vector-based 
flying object for pitch angle tracking amidst aerodynamic coefficient uncertainties 
and environmental disturbances. The performance of the proposed thrust vector 
system is demonstrated through computer simulations, comparing it with two other 
adaptive first-order and an adaptive super-twisting sliding mode methods. 
Simulation results show significant improvements in control performance, 
including reduced chattering and enhanced stability, underscoring the practical 
effectiveness of the proposed method. 
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1. Introduction 
The aim of the control system in flying objects is to 
stabilize the object and execute the commands generated 
by the guidance system. This system includes control 
sensors, a controller (or control logic), and 
servomechanism. Thrust vector control (TVC) is a 
specific method to control the position and attitude of the 
flying object, and, in some missions, only this method 
can be applied. TVC is a critical technology in aerospace 
engineering, enabling precise maneuverability and 
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stability of rockets and aircraft by directing the thrust 
from their engines. Traditional TVC methods often 
involve mechanical systems, such as gimbals and nozzles, 
to deflect the exhaust flow and control the vehicle's 
attitude. Recent advancements have introduced fluidic 
thrust vectoring techniques, which use secondary fluid 
flows to manipulate the primary exhaust stream, offering 
benefits like reduced weight and complexity. These 
innovations enhance control effectiveness, especially in 
modern military applications where agility and stealth are 
paramount tips. Despite these advancements, challenges 
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remain in optimizing TVC systems for various flight 
conditions and ensuring reliable performance under 
dynamic loads [1, 2]. The thrust vector control system is 
used when the air density is low to produce high 
maneuver acceleration and quick change of the flight 
path, which increases the efficiency of the control system 
[3, 4]. This type of control system has been used [5] for 
interceptor interception and [6, 7] for adjusting the 
satellite position. The nonlinear equations of the motion 
for the longitudinal axis of an interceptor based on thrust 
vector control are presented [8], which include 
uncertainty in some parameters, such as aerodynamic 
coefficients. Due to uncertainties, it is necessary to use 
robust controllers to ensure high tracking accuracy. 
One of the most well-known and powerful methods for 
increasing the robustness and quick convergence 
properties of non-linear systems is sliding mode control 
[9]. The sliding mode method is widely used in the 
control of nonlinear, especially in flight control systems 
[10], interceptor guidance [11], integrated guidance and 
control systems [12] , and quadrotor AUVs trajectory 
control [13]. But the first-order sliding mode has two 
fundamental problems: a) to determine the gain 𝑘 in the 
first-order sliding mode, we need the upper bound of 
system uncertainties; b) in first-order sliding mode 
control law, the sign function, which is an uneven 
function, appears directly in control law and leads to 
chattering in the control signal [14]. This phenomenon 
causes high-frequency switching, which is one of the 
obstacles to applying to real systems and can even lead 
to instability. 
Recent advancements in sliding mode control have 
significantly enhanced its applicability and performance 
in various engineering fields. To get rid of the upper 
bound of system uncertainties, one of the most famous 
methods is the use of adaptive sliding mode (ASMC) [15]. 
In this method, the gain of 𝑘 changes with the increase of 
uncertainty. But in addition to the fact that this method 
still suffers from chattering, the finite time stability of 
this method is not guaranteed, which has been achieved 
in first-order sliding mode. 
To fix chattering, one solution is to use approximation 
methods, such as using the saturation function  [16] or 
tanh function [17, 18] instead of the sign function. 
However, these methods limit the sliding paths to the 
adjacent paths instead of the sliding surface, which 
reduces the tracking accuracy and the system's robustness 
[19]. One of the most powerful methods to reduce the 
chattering effect is the high-order sliding mode method 
(HOSMC). This approach reduces the chattering by 
reducing the sliding variable and its derivatives to zero 
[20]. The main challenge of this method is that higher 
derivatives of the sliding variable are needed. Also, the 
finite-time stability of this method has been done by 
using geometric approaches, and mathematical 
algorithms such as Lyapunov analysis are not able to 
guarantee the finite-time stability of this method [21]. 
Super twisting sliding mode (ST), which is one of the 
second-order sliding mode (SOSMC) algorithms, only 
needs the sliding variable itself, while the rest of the 
second-order sliding mode algorithms also need the 
derivative of the sliding variable [22, 23]. However, this 

algorithm still includes a discrete function, so the control 
signal is not completely smooth.  
To conclude, recent advancements in sliding mode 
control have significantly enhanced its applicability and 
performance in various engineering fields. One notable 
development is the integration of higher-order sliding 
modes, which offer improved robustness and accuracy by 
reducing chattering effects [24]. Additionally, adaptive 
sliding mode control techniques have been introduced, 
allowing systems to dynamically adjust control 
parameters in response to changing conditions [25]. 
These methods have shown promise in applications 
ranging from robotics to power electronics, where precise 
control is crucial. Despite these advancements, 
challenges remain in ensuring stability and performance 
under diverse and unpredictable conditions. 
Reducing chattering in sliding mode control continues to 
be a significant area of research, with numerous 
strategies suggested to lessen its negative impacts. 
Although approximation techniques might affect system 
performance, second-order sliding mode control appears, 
promising to produce smoother control signals. 
Nonetheless, ensuring finite-time stability and 
convergence time remains a challenge. In this paper, the 
control signal is smooth due to the inclusion of a second-
order term, and the sliding mode gain is adaptively 
adjusted. Additionally, this paper completely addresses 
the issue of finite-time stability. 
This paper is presented to achieve the following goals: a) 
presenting a comprehensive model of a thrust vector-
based interceptor; b) designing a new smooth adaptive 
second-order sliding mode with the aim of tracking the 
pitch angle of the interceptor-based thrust vector in the 
presence of system uncertainties, that the generated 
control signal is smooth and without chattering, and the 
calculation of gain 𝑘 does not need the upper bound of 
uncertainty; c) Ensuring finite-time stability of closed-
loop system using Lyapunov analysis and achieving 
convergence time. 
The structure of the paper is as follows. In the second 
section, the dynamic model of the thrust vector-based 
interceptor is presented. In the third section, the first 
smooth adaptive second-order sliding mode is introduced, 
and after that, the control law is presented for the thrust 
vector-based interceptor. Then, in the fourth section, the 
simulation results are presented, and the performance of 
the methods is compared with each other. Finally, the 
conclusion is expressed. 
 
2. Thrust vector-based interceptor dynamic model 
In this section, the dynamics of an interceptor's pitch 
channel, which is controlled based on the change of the 
thrust vector, is expressed. The thrust vector control 
system is used in many solid and liquid fuel interceptors. 
The interceptor can fly in the right position using a thrust 
vector control system [26, 27]. The body, velocity, and 
ground coordinates are necessary for the mathematical 
analysis of the interceptor motion equations. The basis of 
these coordinates for the interceptor is the center of 
gravity. In the ground coordinates, 𝑋! and 𝑍!  are on a 
horizontal plane, and 𝑌! is on a vertical plane. In body 
coordinates, the 𝑋"  axis coincides with the line that 
passes through the center of the interceptor and 
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represents the roll axis. 𝑍" axis is perpendicular to 𝑋" in 
the horizon plane and represents the pitch axis. 𝑌" axis, 
which also represents the yaw axis. Body coordinates are 
fixed relative to the interceptor and move with it. In the 
velocity coordinate, 𝑋#  is in the direction of the 
interceptor velocity [28].  
The pitch plane is the 𝑋 − 𝑌 surface, the yaw plane is the 
𝑋 − 𝑍 surface, and the 𝑌 − 𝑍 surface is the roll plane. 
Ground coordinates and body coordinates are related by 
angles (𝜙, 𝜃, 𝜓) . Ground coordinates and velocity 
coordinates are related by angles (𝛾, 𝜎) . The velocity 
coordinates and the body coordinates are related in the 
pitch plane by the angle of attack (𝛼) and in the yaw 
plane by the lateral slip angle (𝛽) . The relationship 
between the velocity and body coordinates is obtained: 
 

(1) 

0
𝑋"
𝑌"
𝑍"
1

= 3
cos(𝛽) cos	(𝛼) cos(𝛽) sin	(𝛼) −sin	(𝛽)
−sin	(𝛼) cos	(𝛼) 0

sin(𝛽) cos	(𝛼) sin	(𝛽)sin	(𝛼) cos	(𝛽)
;

× 0
𝑋#
𝑌#
𝑍#
1 

 
The angles between the different coordinates are shown 
in figure (1) to (3). 
 

 
Fig 1: Angles in the pitch plane 

 
Fig 2: Angles in the yaw plane 
 

 
Fig 3: Angles in the roll plane 
 
Also, the axes of the body and velocity coordinate system, 
along with moments, forces, and other quantities, are 
shown in figure (4). 
 

 
Fig 4: moments, forces, and other quantities in the 
velocity and body axis system 
 
For an interceptor, the equations of motion are obtained 
as follows [8, 29]: 

(2) 𝐹$ = 𝑚𝑉̇%	
)3( 𝐹& = 𝑚𝑉̇%𝛾̇	
)4( 𝐹' = −𝑚𝑉% cos(𝛾)𝜎̇	
)5( 𝑀$ = 𝐼$𝑝̇ − D𝐼& − 𝐼'Erq	
)6( 𝑀& = 𝐼&𝑟̇ − (𝐼' − 𝐼$)qp	
)7( 𝑀' = 𝐼'q̇ − D𝐼$ − 𝐼&Epr	
)8( 𝑋̇ = 𝑉% cos(γ) cos(𝜎)	
)9( 𝑌̇ = 𝑉% sin(𝛾)	
)10( 𝑍̇ = −𝑉% cos(𝛾) sin(𝜎)	
)11( 𝜙̇ = (r cos(ψ) − q sin(ψ))/ cos(𝜃)	
)12( 𝜃̇ = r sin(ψ) + q cos(ψ)	
)13( ψ̇ = p − tan(𝜃) (r cos(𝜓) − q sin(ψ))	
)14( 𝛼̇ = 𝜃̇ − 𝛾̇	
)15( 𝛽̇ = 𝛾̇ − 𝜎̇	

In these equations, 𝑀$ ,  𝑀& and  𝑀'  are moments  
[𝑁.𝑚], 𝐹$ , 𝐹& and 𝐹' are forces [𝑁], 𝐼$ , 𝐼&  and  𝐼' are 
moments of inertia [𝑘𝑔.𝑚(] , p , q  and 𝑟  are angular 
velocities [𝑟𝑎𝑑/𝑠𝑒𝑐] , 𝑋 is the range of the interceptor 
[𝑚], 𝑍 is the horizontal displacement of the interceptor 
[𝑚], 𝑌 is the height of the interceptor [𝑚] and 𝑚 is the 
mass of the interceptor [𝑘𝑔]. In an interceptor, forces and 
moments are generated by gravity, aerodynamics, and 
thrust. These forces and moments are presented as 
follows [28, 30]: 
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)16( 
𝐹$ = 𝑇𝑐𝑜𝑠(𝛼 − 𝛿)) − 𝑐𝑜𝑠D𝛽 − 𝛿*E

− 𝑄𝑆D𝐶$+ + 𝐶𝑥(𝛼( + 𝛽()E
− 𝑚𝑔𝑠𝑖𝑛(γ)	

)17( 𝐹& = 𝑇 𝑠𝑖𝑛(𝛼 − 𝛿*) + 𝑄𝑆𝐶&𝛼 −𝑚𝑔 𝑐𝑜𝑠(γ)	
)18( 𝐹' = −𝑇 𝑐𝑜𝑠(𝛼 − 𝛿)) 𝑠𝑖𝑛(𝛽 − 𝛿*) − 𝑄𝑆𝐶'𝛽	

)19( 𝑀$ = 𝐷𝑄𝑆𝑚$+
p𝐷
2𝑉%

	

)20( 

𝑀& = −𝑇 𝑐𝑜𝑠(𝛿)) 𝑠𝑖𝑛D𝛿*E𝑋,!

+𝐷𝑄𝑆 e𝑚&* +𝑚&*

+𝑚&+
r𝐷
𝑣%
g	

)21( 𝑀' = 𝑇 𝑠𝑖𝑛(𝛿))𝑋,! +𝐷𝑄𝑆 e𝑚') +𝑚'+
q𝐷
𝑉%
g	

In these equations, 𝑚$+ , 𝑚&* , 𝑚&+ , 𝑚')  and 𝑚'-  are 
aerodynamic moments coefficients, 𝐶$ , 𝐶$+ , 𝐶&  and 𝐶' 
are aerodynamic force coefficients, S is the area of the 
reference surface [𝑚(], D is the maximum value of the 
body diameter [m], Q is the Dynamic pressure [𝑘𝑔/
𝑚. 𝑠𝑒𝑐(], 𝛿) is the pitch nozzle deflection angle [𝑑𝑒𝑔], 
𝛿*  is the yaw nozzle deflection angle [𝑑𝑒𝑔], 𝑇  is the 
thrust force [𝑁], 𝑋,! is the distance between the nozzle 
and the center of mass [𝑚 ], and 𝑔  is the gravity 
acceleration constant. By simplifying the equations of 
motion, the nonlinear equations in the pitch channel are 
expressed as follows [8]: 

)22( 

𝜃̇ = 𝑞 

𝑞̇ =
𝑄𝑆𝐷𝑚')

𝐼'
𝛼 +

𝑄𝑆𝐷(𝑚'+

𝐼'𝑉%
𝜔' +

𝑇𝑋,!
𝐼'

𝑠𝑖𝑛(𝛿)) 

𝛼̇ = −
𝑄𝑆𝐶&
𝑚𝑉%

𝛼 −
𝑇

𝑚𝑉%
𝑠𝑖𝑛(𝛼 − 𝛿)) + 𝑞

+
𝑔
𝑉%
𝑐𝑜𝑠(𝜃 − 𝛼) 

There are two types of disturbances in the above 
equations: 

• The disturbance caused by the interference 
of other channels appears as the term 𝑑. in 
the 𝜃̇ equation. 

• The disturbance caused by the wind appears 
as the term 𝑑( in the equations and affects 
the system in the opposite direction of the 
interceptor's velocity (𝑉%). 

Considering the approximation 𝑠𝑖𝑛(𝛿)) = 𝛿) and the 
mentioned disturbances, the interceptor state equations 
will be expressed as follows [31]: 

)23( 

𝜃̇ = 𝑞 + 𝑑. 

𝑞̇ =
𝑄𝑆𝐷(𝑚'))

𝐼'
𝛼 +

𝑄𝑆𝐷((𝑚'+)
𝐼'(𝑉% − 𝑑()

𝜔' +
𝑇𝑋,!
𝐼'

𝛿) 

𝛼̇ = −
𝑄𝑆(𝐶&)

𝑚(𝑉% − 𝑑()
𝛼

−
𝑇

𝑚(𝑉% − 𝑑2)
𝑠𝑖𝑛(𝛼 − 𝛿))

+ 𝑞 +
𝑔

𝑉% − 𝑑2
𝑐𝑜𝑠(𝜃 − 𝛼) 

 

3. Control system design 
In this section, firstly, the principles proposed by smooth 
adaptive second-order sliding mode control theory are 
stated, and then the considered controller is applied to an 
interceptor based on the thrust vector dynamic model 
presented in the previous section. 
3.1. Smooth adaptive second-order sliding mode 
Consider the following nonlinear system: 

)24( 𝑥̇ = 𝑓(𝑥) + 𝑔(𝑥)𝑢 + 𝑑(𝑡) 

Where 𝑥 ∈ 𝑋 ⊂ ℝ/ is the state variables vector, 𝑢 ∈ ℝ is 
the input vector, and 𝑓(𝑥) ∈ ℝ/  is the vector of 
nonlinear functions. To describe the controller, it is 
assumed: 
The sliding variable is expressed as 𝑠 = 𝑠(𝑥, 𝑡), so by 
establishing 𝑠 = 𝑠(𝑥, 𝑡) = 0, the system (24) will have a 
desirable dynamic behavior. 𝑠 = 𝑠(𝑥, 𝑡) = 0 is called the 
sliding variable, and after the system paths reach the 
sliding variable, the system will be in the sliding phase. 
The dynamics of the sliding variable will be as (25): 

)25( 𝑠̇ =
𝜕𝑠
𝜕𝑡 +

𝜕𝑠
𝜕𝑥 𝑓

(𝑥) +
𝜕𝑠
𝜕𝑥 𝑔

(𝑥)𝑢

= 𝑎(𝑥, 𝑡) + 𝑏(𝑥, 𝑡)𝑢 
The ratio of sliding variable dynamics to the control input 
𝑢  is equal to one, and also, the internal dynamics are 
stable. 

• The function 𝑏(𝑥, 𝑡) is definite, and the 
function 𝑎(𝑥, 𝑡) is indefinite, and is presented 
as follows: 

)26( 𝑎(𝑥, 𝑡) = 𝑎̄(𝑥, 𝑡) + 𝑑(𝑡) 
According to (26), the sliding variable dynamics can be 
rewritten as follows: 

)27( 𝑠̇ = 𝑎̄(𝑥, 𝑡) + 𝑑(𝑡) + 𝑏(𝑥, 𝑡)𝑢 
Where 𝑎̄(𝑥, 𝑡)  is the definite  part and 𝑑(𝑡)  is the 
indefinite part of 𝑎(𝑥, 𝑡) . We also assume that the 
uncertainty has an upper boundary in the form |𝑑| ≤ 𝐿0. 
The controller 𝑢 must be designed in such a way that the 
sliding variable 𝑠 = 𝑠(𝑥, 𝑡) reaches zero and maintains it 
in the presence of uncertainty 𝑑(𝑡) in a finite period of 
time. For this purpose, the standard sliding mode control 
is introduced in (28): 

)28( 𝑢 = .
"($,3)

[−𝑎̄(𝑥, 𝑡) − 𝑘𝑠𝑖𝑔𝑛(𝑠)]              

Where 𝑘 = 𝐿0 + 𝜂  is considered. To check the finite 
time stability of the sliding variable, we first consider the 
function 𝑉 = .

(
𝑠(, which is a positive definite function, 

as a Lyapunov candidate. To guarantee the finite time 
convergence of the sliding variable, the condition: 

)29( 𝑉̇ = 5#
56
𝑠̇ = 𝑠𝑠̇ ≤ −𝜂|𝑠|               

Must be established, where 𝜂 is a positive constant. By 
integrating (29), we will have: 

)30(    𝑡7 ≤
|6(+)|
9

            

Therefore, the convergence time of the sliding variable 
can be calculated from the equation (30) and can be 
adjusted by changing the value of the parameter 𝜂. In 
order to calculate the gain 𝑘 without requiring an upper 
bound on system uncertainties, the adaptive sliding mode 
control input is presented as follows: 
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)31(   

𝑢 = .
"($,3)

D−𝑎̄(𝑥, 𝑡) − 𝑘y(𝑡)𝑠𝑖𝑔𝑛(𝑠)E

𝑘ẏ(𝑡) = 𝑘+|𝑠|
𝑘+ > 0

 

By placing control input (31) in (24) we will have the 
following: 

)32( 
𝑠̇ = −𝑘y(𝑡)𝑠𝑖𝑔𝑛(𝑠) + 𝑑(𝑡)
𝑘ẏ(𝑡) = 𝑘+|𝑠|

 

If we place 𝑘 = 𝐿0 + 𝜂 in (28), the control input of the 
first-order sliding mode becomes as follows: 

)33( 
𝑢:;< =

1
𝑏(𝑥, 𝑡) (−𝑎̄(𝑥, 𝑡) − 𝐿0𝑠𝑖𝑔𝑛(𝑠)

− 𝜂𝑠𝑖𝑔𝑛(𝑠)) 
By comparing the above control law that guarantees 
finite time stability and the (31) control law, It can be said 
that in the first order sliding mode method, the term 
𝐿0𝑠𝑖𝑔𝑛(𝑠) is responsible for robustness in presence of 
uncertainty and the term 𝜂𝑠𝑖𝑔𝑛(𝑠)  is responsible for 
ensuring the finite time stability of the sliding variable. 
But in the adaptive method, there is only a robust term, 
and the control input lacks a specific term to guarantee 
the finite time stability. Hence, a new smooth adaptive 
second-order sliding mode control law is presented as 
follows: 

)34( 
𝑢 =

1
𝑏(𝑥) D−𝑎̄(𝑥) − 𝜇

|𝑠|=𝑘y𝑠𝑖𝑔𝑛(𝑠) + 𝑢6E

𝑘ẏ = 𝑘+(|𝑠| + 𝜇|𝑠|=>.)
𝑢̇6 = −|𝑢6|𝑠 − D𝑘y|𝑠| + 𝑃E𝑠𝑖𝑔𝑛(𝑢6)

 

Where 0 < 𝛾 < 1, 𝑃 > 0, 𝜇 > 0. so, the dynamics of a 
closed-loop system is obtained as follows: 

)35( 

𝑠̇ = 𝑑(𝑡) − 𝜇|𝑠|=𝑘y𝑠𝑖𝑔𝑛(𝑠) + 𝑢6	

𝑘ẏ = 𝑘+(|𝜎| + 𝜇|𝑠|=>.)	

𝑢̇6 = −|𝑢6|𝑠 − D𝑘y|𝑠| + 𝑃E𝑠𝑖𝑔𝑛(𝑢6) 

Adding to the control law not only makes it possible to 
prove the finite time stability but also reduces chattering 
due to its dynamics and provides the second-order sliding 
mode behavior for the system. To check the stability of 
the system (34), we consider the candidate Lyapunov 
function in the following form: 

)36( 𝑉 =
1
2 𝑠

( +
1
2𝑘+

(𝑘y − 𝐿0)( + |𝑢6	| 

By deriving the above function, we will have: 
)37( 

𝑉̇ = 𝑆D𝑑(𝑡) − 𝜇|𝑠|=𝑘y𝑠𝑖𝑔𝑛(𝑠) + 𝑢6E

+
1
𝑘+
D𝑘y − 𝐿0E𝑘+(|𝑠|

+ 𝜇|𝑠|=>.)	

+
𝑢6
|𝑢6|

D−|𝑢6|𝑠 − D𝑘y|𝑠| + 𝑃E𝑠𝑖𝑔𝑛(𝑢6)E	

= 𝑠𝑑(𝑡) − 𝜇|𝑠|=>.𝑘y + 𝑢6𝑠 + 𝑘y|𝑠| − 𝐿0|𝑠|

+ 𝑘y𝜇|𝑠|=>. − 𝐿0𝜇|𝑠|=>. − 𝑢6𝑠

− 𝑘y|𝑠| − 𝑃

= 𝑠𝑑(𝑡) − 𝐿0|𝑠| − 𝐿0𝜇|𝑠|=>.

− 𝑃 ≤ −𝑃 

So, the finite time stability of the sliding variable 𝑠 and  
𝑘y − 𝐿0 and 𝑢6 is guaranteed. It should be noted that the 
control input proposed in relation (34) has a smoother 
control signal due to the use of the 𝜇|𝑠|=𝑘y𝑠𝑖𝑔𝑛(𝑠) 
instead of 𝑘y𝑠𝑖𝑔𝑛(𝑠) that was used in the adaptive sliding 
mode. 
 
3.2. Thrust vector control based on the proposed 

controller 
Taking into account the uncertainties of the system, the 
dynamic equations of the interceptor will be as follows: 

)38( 

𝜃̇ = 𝑞 + 𝑑. 

𝑞̇ =
𝑄𝑆𝐷(𝑚') + ∆𝑚'))

𝐼'
𝛼

+
𝑄𝑆𝐷((𝑚'+ + ∆𝑚'+)

𝐼'(𝑉% − 𝑑()
𝑞

+
𝑇𝑋,!
𝐼'

𝛿) 

𝛼̇ = −
𝑄𝑆(𝐶& + ∆𝐶&)
𝑚(𝑉% − 𝑑()

𝛼

−
𝑇

𝑚(𝑉% − 𝑑()
𝑠𝑖𝑛(𝛼 − 𝛿))

+ 𝑞 +
𝑔

𝑉% − 𝑑(
𝑐𝑜𝑠(𝜃 − 𝛼) 

 
Here the object is to control the pitch angle. First, the 
system error is defined as follows: 

)39( 𝑒 = 𝑦 − 𝑦0 = 𝜃 − 𝜃0     

The sliding variable is defined as follows: 
)40( 𝑠 = 𝑒̇ + 𝜆𝑒     

By deriving from the sliding variable, we will have: 

)41( 
𝑠̇ = 𝑒̈ + 𝜆𝑒̇ = ?:@(%!">∆%!")

B!
𝛼 +

?:@#(%!$>∆%!$)
B!(#%C0#)

𝑞 + DE&'
B!
𝛿) + 𝜆𝑞 + 𝜆𝑑. + 𝑑̇.     

According to (27), the values of 𝑎(𝑡) , and 𝑏(𝑡) will be 
as follows: 

𝑎(𝑡) =
𝑄𝑆𝐷(𝑚'))

𝐼'
𝛼 +

𝑄𝑆𝐷((𝑚'+)
𝐼'

𝑞 + 𝜆𝑞 

𝑏(𝑡) =
𝑇𝑋,!
𝐼'

 

And also: 

)42( 

𝑑 =
𝑄𝑆𝐷(∆𝑚'))

𝐼'
𝛼

+
𝑄𝑆𝐷(

𝐼'
�
𝑚'+ + ∆𝑚'+

𝑉% − 𝑑(
−𝑚'+�

+ 𝜆𝑑. + 𝑑̇. 
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Finally, according to (34), the control input will be as 
follows: 

)43( 

𝛿) =
1

𝑇𝑋,!
𝐼'

�−
𝑄𝑆𝐷(𝑚'))

𝐼'
𝛼 −

𝑄𝑆𝐷((𝑚'+)
𝐼'

𝑞

−𝜆𝑞 − 𝜇|𝑠|=𝑘y𝑠𝑖𝑔𝑛(𝑠) + 𝑢6E

𝑘ẏ = 𝑘+(|𝑠| + 𝜇|𝑠|=>.)	
𝑢̇6 = −|𝑢6|𝑠 − D𝑘y|𝑠| + 𝑃E𝑠𝑖𝑔𝑛(𝑢6)

 

 
 
 
 
4. Simulation results 
In this section, by showing the simulation results, the 
performance of the controller, which is designed in the 
previous section, is evaluated, and the proposed method 
(PM) is compared with the finite time adaptive sliding 
mode (FASMC) presented in [32] and the adaptive super-
twisting sliding mode (ASTSMC) presented in [33]. In 
this research, the aim is to track the pitch angle (𝜃)  of an 
interceptor based on the thrust vector. The initial value of 
the pitch angle is 40 degrees, and the goal is to bring it to 
41 degrees. All simulations are done in MATLAB. 
In (22), the dynamic model of the interceptor based on 
the thrust vector is presented. In this equation, some of 
the parameters change over time. During the flight, the 
mass of the interceptor decreases due to the burning of 
interceptor fuel. In general, the duration of the interceptor 
flight is divided into two parts. 
Boost phase: at time 0-5.8 sec, and in this phase, the 
thrust force is maximum. 
Sustain phase: at time 5.8-10 sec, and in this phase, the 
thrust force is minimum. 
Variations of interceptor mass, thrust force, and 
interceptor velocity are shown in figures (5) to (7). 

 
Fig 5: variation of the interceptor mass 

 
Fig 6: variation of the thrust force 

 
Fig 7: Variation of the interceptor velocity 

Aerodynamic forces and torque coefficients in (22) also 
change with time. Variation of these parameters is shown 
in figures (8) to (10). 

 
Fig 8: Aerodynamic damping moment coefficient (𝒎𝒛𝟎) 
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Fig 9: aerodynamic moment coefficient (𝒎𝒛𝜶) 

 
Fig 10: Lateral force coefficient (𝑪𝒚) 

The disturbances  in the system that were stated in the 
second section are also shown in figures (11) and (12). 

 
Fig 11: Disturbance caused by channel interference (𝒅𝟏) 

 
Fig 12: Wind disturbance (𝒅𝟐) 

Based on the control laws presented in [34] and [33], the 
parameters used in them are considered as Tables (1) and 
(2). 

Table 1: The parameters of the FASMC  

Value Parameter 
20 𝜆 
4 𝐾�. 
1 𝐾�( 
0.5 𝐾�L 
0.1 𝜏 

 
Table 2: Parameters of the ASTSMC 

Value Parameter 
20 𝜆 
0.01 𝜔. 
1 𝛾. 
0.1 𝜖 
0.05 𝛼% 
0.1 𝜂 
0.7 𝜇 

The parameters of the proposed method are listed in 
Table (3). 
 
 
 
 
 
 
Table 3: Parameters of the proposed method 

Value Parameter 
20 𝜆 
5 𝑘+ 
0.3 γ 
2 𝜇 
100 P 

 
Figure (13) shows the comparison of the control inputs. 
As can be seen, there is severe chattering in the FASMC 
control signal and also the ASTSMC control signal is not 
completely smooth. But the input signal of the PM is 
completely smooth, and there is no chattering. In both 
PM and ASTSMC, the generated control signal is almost 
the same, and the amount of fin deflection in FASMC is 
significantly higher. Also, the pitch angle, the pitch rate, 
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and the angle of attack are presented in figures (14), (15), 
and (16). The speed of pitch angle tracking in PM is 
higher than other methods. 
 

 
Fig 13: comparison of control inputs 

 
Fig 14: comparison of the pitch angle 

 
Fig 15: comparison of the pitch rate 

 
Fig 16: comparison of the angle of attack 

To justify the output behavior of the system in the 
considered methods, the sliding variable is compared 
with each other in the figure (17). According to this figure, 
we can see that the speed of the sliding variable reaching 
zero is similar to the output tracking speed, and the PM 
sliding variable reaches zero faster. Also, the comparison 
of the adapted gain 𝑘 along with the system uncertainty 
is shown in Figure (18). It is clear that all the methods 
have been able to overcome the uncertainties of the 
system well. 

 
Fig 17: Comparison of sliding variable variation 

 
Fig 18: Controllers adaptive gain and uncertainty 
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5. Conclusion 
A new smooth second-order sliding mode controller is 
proposed to track the pitch angle of a thrust vector 
interceptor. Due to its dynamic characteristics, the 
generated control signal is smooth, and by using the 
adaptive gains, the problem of needing to know the upper 
bound of uncertainty has been fixed. The finite time 
stability of the closed-loop system is proven using the 
Lyapunov algorithm. Simulation results show the 
effectiveness of the proposed control law in comparison 
with two other methods.  
In conclusion, the advantages of the Proposed Method 
(PM) in comparison to two other methods are:  

• Smooth Control Signal: The PM method 
eliminates chattering, providing a completely 
smooth control signal, unlike FASMC and 
ASTSMC. 

• Improved Tracking Speed: The PM method 
achieves faster pitch angle tracking compared to 
other methods, enhancing the system's 
responsiveness. 

• Effective Uncertainty Handling: The PM 
method, along with ASTSMC, effectively 
handles system uncertainties, ensuring robust 
performance 

The proposed method involves many parameters, making 
it difficult to adjust each one for optimal results. 
Consequently, future research should consider using 
intelligent methods for parameter tuning. 
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