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This paper presents a comprehensive study on a chattering-free sliding mode
control designed to enhance vehicle lateral stability. The proposed control
architecture is composed of three main components: an upper controller, a control
allocation layer, and a lower controller. In the upper controller, using a smooth
integral sliding mode controller, the desired yaw moment is designed for vehicle
lateral stability and to guarantee the robust performance of the vehicle in the
presence of uncertainties. In the middle layer, a dynamic control allocation with
an analytical solution and based on the Lyapunov function is proposed for the
distribution of desired longitudinal tire slip, which guarantees the optimality and
convergence of them to the optimal set and also the asymptotic stability of the
dynamics control allocation layer. And finally, in the lower layer, using the sliding
mode controller, the brake torque is designed to track the longitudinal slip obtained
from the dynamics control allocation layer. The main feature of the proposed
control structure is considering practical considerations in terms of computational
load in the control allocation layer, unlike numerical optimization methods, and
also the compatibility of the designed ESC control with production vehicles due
to the design of control allocation based on longitudinal slip and the use of ABS
system based on longitudinal tire slip control. The 10-degree-of-freedom vehicle
dynamics model is validated with CarSim and the simulation results of the
proposed control for the DLC steering scenario show its effectiveness in terms of
eliminating chattering, tracking accuracy compared to the conventional sliding
mode control.

1. Introduction

(ESC). ASC is limited under extreme steering due to tire

To ensure stability and maneuverability during dynamic force constraints. TVD and ESC enhance control by
driving, vehicles use lateral stability control systems like distributing tire forces to regulate yaw moment. TVD
Active Steering Control (ASC), Torque Vectoring improves handling in normal driving, while ESC, using
Differential (TVD), and Electronic Stability Control brakes, prevents understeer and oversteer. ESC,
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mandated since the early 2010s, is crucial for vehicle
safety [1, 2].

vehicles often need an additional layer to interface with
the ABS module within the ESC system, using
longitudinal slip control for each wheel to design braking
torques [6, 7]. Alternatively, braking pressure can be
applied proportional to the CA output, ignoring wheel
dynamics [8, 9].

The CA problem in related research can be categorized
into three methods: optimization-based, experience-
based, and Lyapunov-based. In optimization-based
methods, the CA problem is formulated as a static
optimization problem such as unconstrained linear or
quadratic programming. In [10], a closed-form solution
is presented for distributing forces and torques in vehicle
dynamic control using unconstrained linear optimization.
The main advantage of this method is its simplicity, but
it is only applicable to linear problems and due to the lack
of considering constraints, actuator saturation may occur.
Numerical optimization methods with different solution
methods have also been frequently used in research
related to the distribution of vehicle forces and torques,
with the WLS method [11, 12] being the most popular.
Although these methods calculate the optimal solution
accurately, achieving it requires solving the problem
iteratively at each time step, which leads to
computational  complexity and  implementation
difficulties. Moreover, since most optimization-related
research, due to not considering dynamics and changes
related to actuators, is referred to as static methods, MPC
is proposed to solve this problem [13], which has a high
computational load. In experience-based methods such as
fuzzy [14], the solution is based on expertise, which,
despite its simplicity, does not guarantee optimality. In
addition to the mentioned disadvantages of the two
optimization-based and experience-based CA solution
methods, due to the use of a multilayer structure in
control loops along with CA, the inability to analyze
stability despite the provided solution with these methods
is another challenge. To address the mentioned
challenges, the Lyapunov-based CA method is proposed,
which guarantees optimality and convergence of the
control signal to the optimal value by using the Lyapunov
function and providing an analytical solution [15]. In
fact, in this method, the layer related to the CA problem
is considered similar to a subsystem. This method has
been used in [16] to propose a near-optimal and
dynamically distributed force distribution for electric
vehicles, and in [17] to increase the convergence rate of
brake force distribution among tires. The aforementioned
method has also been used in aircraft applications [18]
and fault tolerance [19].

Various control techniques, including MPC [20],
fuzzy logic [21], and PI control [6], fixed-time nonlinear
control [17], have been employed in the upper control
layer for vehicle stability. However, fuzzy control lacks
formal stability and convergence time proofs, PI control
is susceptible to nonlinearities, and MPC exhibits limited
robustness to uncertainties. sliding mode control (SMC)
has become the predominant approach due to its
effectiveness in handling nonlinear dynamics and
uncertainties, such as terminal [22] and integral [23]
sliding mode controllers. The presence of a signum
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function in the control input derived from first-order
sliding mode control results in chattering. This
phenomenon, caused by the inability of real-world
actuators to switch instantaneously, leads to high-
frequency oscillations in the control signal and is a
primary challenge in SMC design [24]. To address this,
researchers have explored continuous approximation [7]
that replaces sign function with tanh(.), super-twisting
algorithm [25] that uses second derivative of sliding
variable and adaptive sliding mode method that reduces
chattering by estimating uncertainties and avoiding high-
gain terms [26].

This paper proposes a novel three-layer control structure
for ESC systems, specifically designed to address
practical constraints in production vehicles under critical
road conditions. The upper layer employs a Smooth-
Integral Sliding Mode Control (smooth-ISMC) to
generate the desired vehicle yaw moment, robustly
handling uncertainties. Key advantages of this approach
include reduced chattering and improved steady-state
tracking of the desired yaw rate. In the middle layer, a
Dynamic Control Allocation (DCA) strategy is devised
to distribute the desired torque among individual wheels
based on their longitudinal slip. Leveraging Lyapunov
stability theory, the proposed DCA offers a
computationally efficient solution with guaranteed
convergence to the optimal allocation, while considering
practical constraints. The lower layer, responsible for
brake actuation, utilizes a SMC to track the desired
longitudinal slip dictated by the DCA. A detailed 10-
DOF vehicle model is employed for simulations,
validated against the comprehensive CarSim software.
Simulation results for the Double Lane Change (DLC)
maneuver demonstrate the superior performance of the
proposed structure compared to a conventional approach
employing SMC in both upper and lower layers, along
with a weighted Pseudoinverse CA.

2. Vehicle Dynamic model

This research introduces a comprehensive 10-DOF
vehicle model, including 6-DOF associated with in-plane
motion and 4-DOF related to wheel spin. Steering
constraints are considered, limited to the front axle.
Vehicle chassis coordinate system (x;, y;,, Z,) adheres to
the SAE convention. The inertia system, which remains
fixed, aligns with the vehicle's initial direction (X,Y, Z).
Additionally, the undercarriage coordinate system
(Xun Yun» Zun), representing the vehicle’s center of mass
projected onto the road surface, tracks translational
motion and the vehicle’s yaw angle. Fig. 1 illustrates the
directions of the forces in both the vehicle chassis
coordinate system and the wheels [17].

I,

I

Fig. 1. Coordinates of the chassis and wheels on the
plane [17].
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2.1. Model Equations

The translational motion of the vehicle's center of mass
(CoM) can be divided into translational and oscillatory
components. The oscillatory component is due to the
vehicle's suspension system. The translational motion
equations are typically formulated as follows:

F’lln
] — v 1 — x’lln
Fl'=P=M— F =T, (-§) | K
Fz’lln

m 0 0
M=<0 m 0)
0 0 mg

qun = fx“./fr Cll)fr + f;./fr sllifr + fxv,l}l Cllffz
+ fyv,vfl SI[Jﬂ + f;c‘,,‘;*r + fx‘ﬁ*l

FJ}ln = _fx‘,:/fr Sl,bf-r + fyv,vfr Cl/lfr - fxv,l}l Slllfl
+fyv,vfl C1[1ﬂ+fy‘?/1"7‘+f;,/rl (1)

The vertical component F,U" is expressed as follows:
F" =W, +fsz™

fsU"=S+D=
[fsfr fsfl fsrr fsrl] (2)

EU" describes the vertical suspension force which
consists of two components: a static component, W,,, and
a dynamic component resulting from the suspension
system's response to road conditions. This paper primarily
focuses on the vertical component of the suspension force
vector, neglecting the relatively small horizontal
component. The vertical component of the suspension
force vector, denoted as fs“". In (1), S, representing the
spring force, and D, which is a matrix representing the
damper force vectors. In the case of a suspension system
with linear springs, the spring force is initially calculated
in the body coordinate system and then transformed into
the undercarriage coordinate system.

kfr kfl k krl
S = T}l,ln kfr kfl krr krl 4,
kfr kfl k krl
Cfr Cfl Crr Crl
D = T},ln Crr Cr1 Crr Cr|@® ZIC
Cfr Cfl Crr Cr
TUn(~ 1, —0)
Ce 0 sgl l
- g 0 Cg (P
A=Rb - ,,(R -R)—RS,
lf YN T,
ng = dfr _dfl drr —dyy
h-v, h—-v, h—1, h-—r,
0 0 0 0
R= [ 0 0 0 0
zZ'—h zZl—h zZ'—-h z'—h 3)

A, containing the velocities of suspension displacement
within the chassis system [17]. The longitudinal and
lateral friction forces acting on each wheel, ;) ;;, are
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determined relative to the wheel velocity coordinate
using the Burckhardt model [27].

Using the magnitude of angular momentum, we derive
the equations for rotational motion from the subsequent
relationship:

dw
M=(M}+ M5 + Mg)_1—+ w X lw,

at
I, 0 0
=10 1, 0
0 0 I o

Mp, M5, and MY represent the tire-ground friction on
the Wheel plane, perpendicular tire-ground friction, and
dynamic vertical forces, respectively and are calculated
as follows:

M} = ZR,’,’,, ®Fb ,Fb
-~
=[fi fH f £l
D RE®F, . F,
i
b b b b
= [fJ’fr fyﬂ fyrr fyrt]

0
o = T@TOT (=) (fyw)
0

b
My w

R? = T‘Il)ln(Rgc - R)
T3, = T(@)T(6), R§,
[
= dfr _dfl drr _drl
h h h h

M£:ZR€V®be'fsb:T%n fs* )

The dynamic equation for each wheel rotation can be
obtained as follows:

Jw@i; = Thyj —

where ]} represents the angular velocity of each wheel
in the Wheel frame, and Th;; denotes the braking torque.

rwl..fx}’;f’ ij =fr,flrr,rl (6)

2.2. Reference Model

The design of the upper layer controller within an ESC
system is contingent upon the key target yaw rate
variable [9]:

_ %y

L+ KV

e m(b L )
uS_ZI_ F‘ﬂ‘

Tref =

The parameter K, represents the vehicle’s understeer
gradient, a critical factor affecting its steering behavior.
Moreover, the desired yaw rate is constrained by the
vehicle’s maximum lateral acceleration, which relies on
the road friction coefficient. Reference [9] establishes an

upper bound, %,pperyouna = 0- 85 kg . Consequently, the

final desired yaw rate is determmed using the following
relation:
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4 |Tref| = rupperbound )

_ { Tref
rupperbound Sgn(rref)’ |Tref| > rupperbound

Additionally, the actual vehicle sideslip angle, 3, is
constrained to be less than or equal to Bypper bouna >
which is calculated as:

ﬁupper,bound = tan‘l(0.0Z,ug) ©

This limits the maximum permissible vehicle side slip
angle to approximately 12 degrees on dry asphalt roads.
2.3. Validation of the 10-Degree-of-Freedom Dynamic
Model of the Car with CarSim Sofiware

The accuracy of the proposed dynamic vehicle model,
developed in MATLAB/ Simulink, is assessed by
comparing its simulation results with those obtained from
the industry-standard CarSim software. Both models are
subjected to an identical steering maneuver and braking
scenario: a left turn initiated with a 15-degree steering
angle, peaking at 30 degrees, while applying 20 bar and
40 bar brake pressure to the front and rear wheels,
respectively. The simulation is conducted at a speed of
100 km/h on a dry road. The vehicle's dynamics
parameters are presented in Table 1.

Table 1. vehicle parameters.

E’arameter Value Earameter Value
m 1791 kg l 2720 mm
m, 25 kg df 1552 mm
g 9.81 m/sz d, 1560 mm
I, 1030 kg. m? ki 50 N/m
I, 1200 kg.m? ¢ 2 N-s/m
Ty
1, 1230 kg. m? _ 0.292 m
Twpl
rW
Wy 5165.6 N _r; 0.296 m
Wri
rpfr
Wy 5023.6 N = 0.145 m
- Tpfl
Wy 3720 N Ty =T, | 0130 m
er 3706 N )u'p,_] 0.4
N
Cas 1800 N/deg h 754 mm
Car 1900 /deg

Fig. 2 illustrates the linear displacement and velocity at
the vehicle's center of mass. Both the Simulink and
CarSim models demonstrate comparable behavior and
movement patterns in the horizontal plane. However, a
minor discrepancy of approximately 5 cm is observed in
the vertical axis displacement at the onset of the scenario,
likely due to variations in the suspension system
modeling between the two models.
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Fig. 2. Position (left) and vehicle velocity (right) vector

2 4

components of the center of mass of the vehicle in the

nertial frame.

The angular velocity components in the chassis frame are
depicted on the right side of Fig. 2. A strong correlation
is evident among all three components, particularly
between the p and r components. These values exhibit a
high degree of similarity. The disparity in vertical load
distribution between the front and rear axles in the two
models, coupled with the displacement of the center of
mass, has led to variations in the twist angle rate. The
suspension mechanism's structural differences between
the front and rear axles can contribute to distinct
behaviors, especially in the steering axle.

— Simulink = = = Carsim

95

90

w, lkm /]

85

95

90

w, km ]

85

A T e =
2 4 6 8 10
t [sec]

Fig. 3. Linear velocity of the wheels (left) and angular
velocity of the vehicle chassis (right).

The left side of Fig. 3 illustrates the linear velocity of the
wheel circumference, which follows consistent trends
across all wheels. The minor discrepancies observed
between the two models can be attributed to the Simulink
model's assumption of rigid wheels and the CarSim
model's consideration of malleability and dynamic
changes in the effective wheel radius. As a result, the
speed variations are slightly more pronounced in the
CarSim model.

3. Proposed control structure

The proposed control architecture, illustrated in Fig. 4, is
a three-layer hierarchical structure. An upper controller
calculates the desired yaw moment based on the
reference yaw rate, which is then distributed among the
tires using optimal control allocation. The lower
controller tracks the desired slip using brake torque.
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Assuming available sensor data, a state estimator
provides necessary vehicle information. The control
design prioritizes vehicle stability in the presence of
model uncertainties.

The hierarchical control structure, consisting of a upper
controller, a control allocation layer, and a lower
controller, is formulated and designed in the following
sections.

3.1. Problem Formulation
The over-actuated nonlinear system can be represented in
the following affine form:

. Mz¥ 1

<
|
|
=
®

fxv,l}r
w
[[sSs — drCs 1S5 +dpCs  —dpr  dy] f’;f H
fx,rr
fx‘,?;*l
fx"i"j = Cyjj Axij' ij = fr,flrr,rl

(10)

(11)

1
min J(u) :EuTWuu S.tiw; S U<,

T
u:(/ler Axfl Axrr Axrl) (12)

Equation (10) represents the upper control system, which
generates a virtual control signal. Since this signal cannot
be directly applied to the actuators, it is mapped to the
desired actuator inputs and longitudinal slip through (11).
Cy,ij denotes to longitudinal stiffness in linear friction
forces model [9]. Finally, (12) defines constraint bounds
on the actuator-related variable (longitudinal slip) to
ensure longitudinal friction force operation within the
stable region and introduces the cost function J; for
minimizing the actuator (braking) control effort. In this
equation, the W, weighting matrix is a diagonal matrix
of dimension R***. Since the number of actuator inputs
(u) is greater than the virtual control signal, dynamic
control allocation is employed to resolve the issue of
actuator input non-uniqueness in the mapping of (11)
with respect to the requested M,*. Consequently, the
design of the virtual control M,? is addressed, followed
by the distribution of the desired actuator inputs,
longitudinal slip, using the proposed control allocation
method.

Steering Ref.
Angle Model

M Dynamic Control
Allocation

a)if’ﬁi‘; ﬂ’\

*()'

ﬂ,ff Lower i
—2 %  Controller Dynamics

Th¢
i (10 DOF)

X,

Sensor/
Estimator

Fig. 4. Proposed Control Schematic for the ESC Vehicle System

3.2. Upper Controller

This section designs a controller for the virtual control
input M,* based on (10) dynamic system. The controller
tracks the reference signal (r,;). Equation (10) expresses
the yaw moment Mz” obtained by approximating lateral
forces using bicycle model relationships [9]:

o v, + ler
Tyvifi = CarBrj = af-(5——y a )
vx
o v, + ler
f;?/rj = Carﬂrj = Car-(_ u>,
Vx

j=nl (13)

By defining the state error as e, = r — 1y, the overall
upper controller dynamics can be expressed as:

R 1
b =f B+ M +0 0SR20 (14)

z
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Where f, = g—fd and A, is bounded by the

z
approximation error in the lateral forces and the

uncertainty in the [, parameter.

Theorem 1: Consider the nonlinear system (14) with a
sliding surface defined as s, =e,.+k; [e, . The
proposed smooth Integral Sliding Mode Controller (15)
ensures finite-time convergence of the sliding surface s,
with a reaching time of ¢t,..

Mzd = _iz(fr(ﬁl r) ta Sign(sr) +
n |Sr|y5ign(sr) + kI e'r);
0<y<1, ank >0 (15)
Proof: Considering the Lyapunov function V, = %srz, its
time derivative is given by:

. 7 1
Ve =5:5 = 5; (ﬂ(ﬁ'r) +Esz +A4 +

ki er) (16)
Substituting the control law from (15) into (16) yields:
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Vr = 5.5, = s.(—a sign(s,)
-1 |Sr|y5ign(sr) + Ar)
< -n |5r|y+1

(17)

In the preceding equation, « is selected as the maximum
value of A, equivalent to the upper bound of uncertainty,
R. Hence, the sliding surface s, reaches to zero in finite

time bounded by ¢, <@ 128 29]. Additionally,

n(1-v)
for s, =0, the yaw rate error e, converges
asymptotically to zero, as é, = —k; e,..

Remark: To compare the performance of the proposed
control method with the standard sliding mode control,
we simultaneously examine the control inputs (u)
designed by both methods as shown in Equation (18):

Conventional SMC:
U=y, —(a + n)Sgn(Sr)

Proposed Smooth SMC:

-1
U=y, —aSgn(S,)-nSs, |Sr|7 (18)

In equation (18), u eq is equivalent control. As

observed, the chattering amplitude in the
proposed method is bounded by o and is
significantly smaller than the chattering
amplitude of the standard sliding mode
control, which is bounded by a + 1. Notably,
the proposed method inherently produces
smoother control signals for deterministic
nonlinear systems. However, for uncertain
nonlinear systems, additional techniques may
be required to mitigate chattering. By
employing continuous

approximation and approximating the sign function with
the Tanh(.) function, we obtain:

Approximated Conventional SMC:

u=u, —(a+77)Tanh(S/)

Approximated Proposed Smooth SMC:

N -1
u=u, —aTanh(Z)—nSr |s.[" (19)

Given the larger amplitude of the reaching phase in the
standard sliding mode control approximation compared
to the proposed method, a wider boundary layer near the
sliding surface is necessary to ensure a smooth control
signal and suppress chattering. Consequently, the
proposed method allows for a narrower boundary layer,
enabling more precise control. The standard sliding mode
control, relying solely on a single term for both
robustness and stability, often requires larger o values,
leading to increased chattering. The proposed method
addresses this limitation by incorporating the continuous
reaching phase term, 1 |s,|¥, which provides a more
flexible approach to tuning the control system's behavior.
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The parameter y can be adjusted to fine-tune the reaching
time and overall performance.

3.3. Proposed Dynamic Control Allocation

This paper presents a novel control allocation (CA)
strategy for enhancing vehicle stability. To address the
over-actuation problem arising from the distribution of a
single desired yaw moment among four brake actuators,
a Lyapunov-based dynamic control allocation (DCA)
method is proposed. The primary objective of CA is to
achieve the desired yaw moment, Mzd, using brake
actuators. To overcome the challenges associated with
direct control of longitudinal tire forces, the proposed
DCA method utilizes longitudinal slip information. A
secondary objective is to minimize the control signal and
ensure that the tire operates within its linear region. By
imposing constraints on longitudinal slip, the DCA
method can effectively distinguish between stable and
unstable tire operating regions, as illustrated in Fig.5.

Longitudinal Force
7000 T T

Stable Unstable

>

<

6000

50001

40001

A same force corresponding to
two distinct longitudinal slip
values

F, IN]

3000

2000,

1000

0 . . .
0.4 0.6 0.8
slip (1)

Fig. 5. Tire longitudinal force-slip characteristics

0 0.2

Based on primary objective of CA, the following
constraint must be satisfied in the DCA problem
considering the desired yaw moment M,? as defined in
Equation (15) and the relationship in Equation (11):

Mzd - sz(5' ug) =0
T
ud = (Agf‘r Ag‘fl Agrr Agrl)
In the above equation, u,; represents the desired

longitudinal slip obtained from the control allocation.
Based on (11), M,* can be approximated as follows:

sz((S' Ug ) =

(20)

d
2,
d
A% ”

d
/17‘ ™
/1(1

Xrl

[lsSs — dsrCs 1S5+ dpCs —dpr  dy]

=Bud

21

In the aforementioned relationship, u, represents the
optimal longitudinal slip obtained from the DCA.
Furthermore, as expressed in Equation (12), the
constraint on tire longitudinal slip is incorporated as a
penalty function in addition to minimizing the control
effort (J,). This constraint aims to ensure tire operation
within the stable region of the tire-road longitudinal
friction-slip curve. By minimizing this function, the
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desired longitudinal slip constraint is also satisfied. This
function is then added to the cost function J;:

minJ(ug) =J; +J,

1 T
J1(ug) = Eud Wi, Ua

2
J2(ug) = —W,, Zpk,ij(ud)
k=1"1j (22)
2
where Py ;j(ug) = max (O, (Eij - udl.j)) and
2
P, ;;(ug) = max (O, (udl.]. - ﬁij)) In the
aforementioned relationship, W, represents the

weighting matrix. Consequently, the CA problem is
formulated as follows:

min J(uy)

st M4 —M,*(8,uy) =0 (23)

By introducing the Lagrangian function as follows, we
obtain:

L(ugy,M,") =] (ug) +

14 (Mzd - sz((s'ud )) , YE R

24
Finding the solution to the CA optimization problem
presented in (23) hinges on satisfying the first-order
optimality conditions for the Lagrangian function defined
in Equation (24) [30]. This ensures that we identify the
optimal set, which can be expressed as follows:

oL } 25)

6_}/ =0
Given the defined optimal set, S¢,4, this work aims to
ensure that the proposed DCA algorithm achieves finite-
time convergence to Sc,. To this end, the Lyapunov
function depicted below is employed for the DCA
subsystem, as shown in [17].

aL
‘S ) = T’ 7 = 0 )
ca (Ug,Y) {(ud ) uy

aL

1(ac” ar\| ouy,
VCA(ud'V'Mzd)=§<0_w W) aLd (26)

ay

To prove that a lemma is relevant to the DCA problem
solution, we posit the following assumptions:

. . %L
Assumption 1: £ possesses a second derivative, ot
d

. . . . %L
and it satisfies the inequality x;1 < oz S K, 1. Here, I
d

denotes the identity matrix with the same dimension as
the actuator's input, and ki and k- are positive constants.
Assumption 2: A positive constant ¢ exists such that the

. . omMT am*
matrix inequality % # > ¢l holds.
d d

Theorem 2: Under the assumption of a M,* controller
designed following Theorem 1, Let us assume that the

subsystem (1;./‘1) is proposed as follows:
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oL
Ug\ _ _1 | Oug 9
( ¥ ) keaH™" | g |+ (X) 27)

Consequently, the optimal parameters (u4,y) converge
to the optimal set S, asymptotically. For the

relationship (;) € R> defined above, the auxiliary

variables are uniquely achievable. Additionally, under

a%L 9%
. . dug? dyou
Assumption 1 and 2, matrix H = aZdL v ota
a‘u.d 6y
invertible.
Proof:

Assuming an M,% controller designed following
Theorem 1 and convergence of e, — 0, the derivative of
the Lyapunov function V4 (ud, Y, Mzd) can be expressed

as:
j ay _ (o ot (u'a)
VCA(ud’ Y, MZ ) - (aud ay )H y +
%L
(iT a_LT) am, T ouy | -, d (28)
dug Ay 2L z
aMz% oy
. %L ax1
In the above equation, vl =0 , and by
oMz% uq
selecting (1;./‘1) as per Eq. (27), we obtain:
VCA(ud' 12 Mzd) = —kcaVea + T(ud' 12 Mzd)
T T 29
+H( 2 k() 29
ou 0 X
Given that F(uy,v, Mzd) =
2’
(ET %T) M, duy Md In followine. i fed
oy P o , - In following, is proofe
am,? ay
. acT  acT ¢ dy —
that equation (E - )H(){) + Flugy,M,*) =0

always has a unique solution with respect to (;) We

consider an auxiliary variable A., and define the
Lagrangian function L, as:

Loy =56Te+ -xTx +
arT arT ¢
tol(a 5 )H () + Fluarm?)

ay
To fulfill the first-order optimality conditions, L., must

(30)

be stationary with respect to (g, X /19{). This yields the
system of equations:
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By Lemma 16.1 in [30], equation (31)'s left-hand side
matrix is KKT and nonsingular, ensuring a unique

¢
solution for ( X ) Consequently, Eq. (28) is rewrited by
Acx
following:
Vea (ud' 14 Mzd) < —2kcaVea (32)

Consequently, according to (27) the optimal parameters
(ug,y) converge to the optimal set S, asymptotically.

3.4. Lower Controller
The CA layer calculates the optimal longitudinal slip for
each wheel. This desired slip is then achieved in the lower
control layer by designing the control torque based on the
optimal values. SMC is proposed for this task due to its
robustness to model uncertainties and its ability to
achieve finite-time tracking, enabling independent
control of each wheel's slip. The governing equations for
_ Vx—rwi}-.ww-

longitudinal slip (lxl.j = L) and its derivative for

each wheel are presented as follows [7]:

_ 1— 2y,

® (llxif) - (rwi]' + rwi]jv.vmw (1 N

Axij)) S = rwl.j.fxl?"j. (rwl.]..mW > )

(33)

Consequently, the longitudinal slip dynamics for each
wheel can be represented by the following dynamical
system:

. (/lxl-j—l).rwij.fx‘i”]’-
Ay =
l

1—Ay;;
i + ( "v‘vf) .Thy; +
Jw-wjj Jw-wjj

D |Bagi| < Ly

Within this framework, the upper bound of uncertainties
in the aforementioned dynamical system is denoted by
ly,ij» while the control braking torque for each wheel
(Tbyj) is designed using the SMC method.

Theorem 3: For the nonlinear and uncertain system in

(34), selecting a sliding surface Saj = /1Xi]. - Aﬁij for

(34)

each wheel and designing the control input (brake torque,
be]-) as follows ensures finite-time stability of the lower
control layer and, consequently, finite-time tracking of

the desired longitudinal slip (/lﬁij) determined by the CA
layer for each wheel:
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. (/lxl-j—l).rwij.fx‘i”]’-
Ay =
l

1—Ay;
i + ( "v‘vf) .Thy; +
Jw-wjj Jw-wjj

D |Bagi| < Ly

Proof: Consider the Lyapunov function denoted by V; =

(33)

%Ziz Fr 2j=rl s,ll.jz. Taking its derivative and employing
(35) along with the substitution of the proposed
controller, we obtain:

VA = Zizf_r Zj=r,l slij's/lij <
_Zizf,r Zj=r,l (n/l,ij - lﬂ,ij) |s/1ij| <
_Zi=f,r Zj:r_l 771,1'1' S}Lij| < (36)

1
—2mVaz, mag > b agg = (Magg —
Luij), 2 = min(fa;; — L)

By implementing the proposed lower-level controller and
applying the brake torque be]- to each wheel, ¥,
becomes negative definite. Consequently, based on its
derivative, the considered dynamic system exhibits
‘/EVA(O)%
na
the longitudinal slip of each wheel converges to the
desired longitudinal slip A7,

finite-time stability. Within a finite time t;! <

>

4. simulation result

To evaluate the designed lateral stability control system,
the driver applies the DLC steering scenario (Fig. 6, left)
following ESC test reports and ISO-3888 standards.
These test conditions are commonly used for assessing
lateral stability in production vehicles equipped with
ESC. The proposed control algorithm is examined for the
desired steering scenarios, assuming a known dry road
type and an initial speed of 100 km/h. The control
architecture includes the upper layer Smooth- ISMC
controller, proposed CA, and lower layer SMC control
with the conventional SMC control law. Considering
model uncertainties, the control structure accounts for
10% uncertainty in vehicle mass and inertia parameters,
approximate lateral tire-road friction forces according to

(13), and the term CD(/lxl.j) in (33) for the lower

controller. Additionally, a linear friction model is
employed in the CA layer. The proposed control
structure, visualized in the legend as “Smooth ISMC”, is
evaluated through simulation. To benchmark its
performance, a three-layer structure with the legend as
“SMC”, featuring conventional sliding mode control in
its upper and lower layers and employing weighted
pseudoinverse-based control allocation, is also
simulated. The control parameters of each subsystem are
presented in Tables I. For linear form (21), the weighted
pseudoinverse -based control allocation method proposes
the following control signal for each wheel's desired
longitudinal slip [17]:

uq = W, ~'B"(BW,, 'B")"'M,* (37

When the driver applies the sudden steering input to the
vehicle, a significant lateral acceleration occurs.
However, the ESC system intervenes to prevent the
vehicle from deviating from the desired path. Fig. 6 on
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the right side illustrates the vehicle’s trajectory with and
without the presence of the ESC system for the two
compared control algorithms. While the uncontrolled
vehicle exhibits a substantial deviation from the intended
trajectory, the proposed control structure outperforms the
SMC structure by producing smaller lateral and
longitudinal displacements during the specified steering
maneuver. The longitudinal and lateral acceleration
profiles depicted in Fig. 7 align with the previous
observations. The uncontrolled vehicle experiences a
dominance of longitudinal acceleration, resulting from
lateral force saturation and subsequent instability. The
implementation of both the proposed and SMC control
systems effectively mitigates this issue by distributing
accelerations more evenly. However, the proposed
controller demonstrates superior performance in terms of
reduced acceleration oscillations.

Hand Wheel Angle
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Fig. 6. DLC Steering Input Scenario and Vehicle
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Fig. 7. Comparison of vehicle longitudinal and lateral

accelerations

Fig. 8 demonstrates that the conventional SMC control
algorithm leads to substantial oscillations in wheel
angular velocity. In contrast, the proposed control
algorithm effectively mitigates these oscillations.
Moreover, the classic SMC control can occasionally
result in excessive lateral speeds. Conversely, the
Smooth SMC control maintains a more stable
longitudinal speed profile.
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Lateral) and Wheel Speeds for two Control Strategies

Fig. 9 illustrates desired yaw rate tracking. The
conventional SMC algorithm exhibits significant
oscillations due to chattering, especially with
uncertainties. The proposed control algorithm reduces
chattering and improves tracking performance. Notably,
after rapid steering inputs, model uncertainties cause
significant disturbances, leading to errors in the linear
model for lateral forces. As depicted by the B —p
trajectories, both control strategies effectively confine
the lateral slip angle within the constraints defined by
equation (9). Nevertheless, the proposed control
algorithm exhibits enhanced stability, as evidenced by
the rapid and damped convergence of the B —pf
trajectory to zero.

The desired longitudinal slip, allocated by the CA layer
and tracked by the lower layer, exacerbates chattering in
traditional SMC. The proposed Smooth-ISMC
effectively mitigates these oscillations, as shown in Fig.
10. Additionally, the inclusion of an integral term in the
sliding surface design effectively attenuates the yaw rate
error, thereby enhancing the system's steady-state
performance. A comparison of the braking torques
generated by the two control structures, as shown in Fig.
11, highlights the superior performance of the proposed
algorithm in reducing chattering. While both controllers
employ SMC at the lower level, the proposed smooth-
ISMC-based controller produces smoother brake actuator
control signals, indicating a more robust and less
oscillatory control action
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The proposed CA successfully fulfills its primary
objective of minimizing the discrepancy between the
desired vehicle yaw moment and the actual output, as
evidenced by the reduced yaw rate error in Fig. 10.
Moreover, the secondary objective of minimizing the
control signal is also met, as shown by the comparable
braking torque profiles in Fig. 11. The convergence of
the proposed Lyapunov-based CA to the optimal set S,
as depicted in Fig. 12, further corroborates its efficacy.
The proposed controller's enhanced tracking
performance leads to improved vehicle handling and
maneuverability, enabling the vehicle to more closely
follow the desired trajectory, particularly in challenging
driving conditions. By significantly reducing chattering,
the controller minimizes wear and tear on the braking
system, extending its lifespan and reducing maintenance
costs. Additionally, the smoother response of the
proposed controller contributes to a more comfortable
driving experience for passengers.
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Table II: Control algorithms parameters.

Control | Upper | e coton | Comtoll
Algorithm | Controller ontrot Alocatio eron °
a=1, Wy, =
Smooth- | y =0.75 | 10 diag(1,1,3,3)
ISMC n =15, W, =100, k¢, K
K =245| =1 Y
Wy, =
SMC K. =55 | 10 diag(1,1,1.15,1

5. conclusion

This paper proposes a hierarchical control strategy to
enhance vehicle lateral stability. The upper controller
employs a smooth integral sliding mode to determine the
desired yaw moment A Lyapunov-based analytical
solution for dynamic control allocation is presented in the
middle layer to distribute the desired longitudinal tire
slip. This method guarantees the optimality,
convergence, and asymptotic stability of the allocation
while offering computational advantages over numerical
optimization techniques. The lower controller, utilizing a
sliding mode approach, generates braking torque
compatible with ABS, akin to traditional ESC systems.
Simulation results on a 10-DOF vehicle dynamics model
demonstrate improved tracking accuracy, elimination of
chattering, and optimal braking torque compared to




381 Citation information: DOI 10.48308/ijrtei.2024.236235.1051, International Journal of Research and Technology in Electrical

Industry

conventional sliding mode control. Adaptive control
algorithms can be explored in future work to further
enhance the robustness of the proposed structure and its
adaptability to varying road conditions. Furthermore, to
enhance the algorithm's performance and accuracy, a
disturbance observer can be employed.
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