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In this paper, a novel approach based on a non-monotonic Lyapunov—Krasovskii
functional is first proposed for the comprehensive stability analysis of discrete-
time switched systems with time delays in an m-step-ahead scheme. Subsequently,
by extending these results, non-uniform robust stability conditions suitable for
systems with uncertainties are derived. In this method, the stringent requirement
of the uniform decrease of the Lyapunov—Krasovskii functional is replaced by non-
monotonic conditions; that is, the functional is allowed to increase at certain steps,
while its overall trend must remain decreasing. Consequently, this approach
accommodates a broader class of functionals for stability analysis. Within the non-
monotonic Lyapunov—Krasovskii framework, a set of sufficient conditions in the
form of linear matrix inequalities (LMIs) is formulated to assess global asymptotic
stability of discrete-time delayed systems. Moreover, Abel’s lemma is employed
to further reduce conservatism in the stability analysis of switched systems
compared to previous studies. Unlike its continuous-time counterpart, the discrete-
time model exhibits higher complexity due to the interactions among subsystems
induced by switching. To demonstrate the effectiveness of the proposed method,
simulation results are provided for two numerical examples.

1. Introduction

frequently  employ  Lyapunov-Razumikhin  and

Time delays are commonly encountered in numerous
practical systems, including biological networks, neural
systems, mechanical structures, and control applications
[1]. Among the widely adopted strategies for examining
the stability of time-delay systems is the Lyapunov-based
framework, which has been extensively utilized in control
engineering [2]-[12]. Lyapunov functions serve as
classical instruments for analyzing the stability of
dynamical systems, with bounding inequalities playing a
crucial role in optimization and stability assessment [3].
Despite their broad use, selecting an appropriate
monotonic Lyapunov function (MLF) that reduces
conservatism for various system classes remains a
challenging issue, particularly for systems with delays [4].
Both continuous- and discrete-time stability analyses
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Lyapunov—Krasovskii functionals [5], [6]. Among these,
the Lyapunov—Krasovskii functional (LKF) approach is
preferred in many studies because it typically produces
less conservative results than the Razumikhin method [7].
This method has been applied widely, including in model
predictive control and trajectory-tracking problems [9]. A
central aspect of the LKF method is the careful
construction of a functional. Its main advantage is that
sufficient stability conditions for time-delay systems can
be expressed as linear matrix inequalities (LMIs), which
allow precise mathematical treatment and efficient
numerical optimization while avoiding unnecessary
conservatism [10]. Significant research has focused on
refining the structure of LKFs. The core idea is to
construct a suitable functional and then derive conditions
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ensuring the negativity condition of its forward difference.

Over the past two decades, numerous LKF formulations
have been developed and refined to achieve tighter
estimates. These include summation inequalities [11],
[12], free-weighting matrices [8], reciprocally convex
combinations [11], and Jensen-based inequalitie (JBI)
[13]-[38]. Moreover, Zhang et al. employed Abel’s
lemma to reduce conservatism in stability conditions by
providing more accurate estimates for the LKF forward
difference, especially in summation terms [14].
Collectively, these studies aim to improve the LKF
framework to yield less conservative stability results. An
alternative strategy to decrease conservatism in
Lyapunov-based analysis is the non-monotonic Lyapunov
method, also known as the finite-step Lyapunov approach
[15], [16]. Unlike traditional Lyapunov techniques that
require continuous decrease, this method allows the
Lyapunov function to increase temporarily, as long as it
decreases after a finite number of steps. This relaxation
makes it possible to employ a broader spectrum of
functions that can be used for assessing system stability.
However, studies on discrete-time systems using this
method remain limited. For example, in their work, Aylas
and Peuteman modified some conditions to ensure global
asymptotic convergence, thereby introducing the finite-
step Lyapunov method. A related idea, known as non-
quadratic stabilization, has been applied for stabilizing
Takagi—Sugeno fuzzy systems [17]. Ahmadi and Parrilo
proposed alternative criteria to ensure global asymptotic
stability in discrete-time systems, naming their
framework non-monotonic Lyapunov stability criterion
[15], in agreement with [16]. Later, Derakhshani and
Fathi introduced a discrete-time variant of the non-
monotonic Lyapunov method for fuzzy control systems
[18], [19]. Their approach reduces conservatism by easing
the strict monotonicity constraint imposed in classical
Lyapunov theory [20]. Building on this, Shi et al.
extended the non-monotonic Lyapunov functional
technique to discrete-time switched linear systems, which
resulted in more flexible stability conditions and
enhanced Hoo performance [21]. Another practical
challenge is system uncertainty, which may cause
variations in the model and lead to instability. Several
studies have addressed discrete-time uncertain time-delay
systems. For instance, [22] studied robust stability and
stabilization of discrete-time systems subject to delays
and bounded parametric uncertainties. In [23], robust
stability was investigated for systems with state delays
within the state-space framework using generalized
overflow calculus. Similarly, [24] considered delay-
dependent robust stability for uncertain discrete-time
systems with time-varying delays and nonlinear
disturbances, using the LKF approach.

In this paper, we propose a novel (NMLK) method for
analyzing the stability of discrete-time switched linear
systems with delays. The approach can handle both
known and unknown constant delays, provides explicit
upper bounds on admissible delays, and avoids the rapid
increase in the number of Lyapunov functionals typically
required in conventional stability proofs. Notably, this
study demonstrates that, unlike previous works where the
strict monotonic decrease condition often necessitates the
use of six Lyapunov functionals or the repeated addition

URTEL., 2025, Vol .4, No. 2, pp. 553-564

of extra terms to these functionals to ensure the stability
of systems with complex trajectories, the proposed
method effectively guarantees stability using only three
Lyapunov functionals, while exhibiting significantly
reduced conservatism compared to traditional approaches.
This work extends the use of non-monotonic Lyapunov—
Krasovskii functionals to the stability analysis of switched
systems with delays in the dynamic structure. Another key
contribution is the use of Abel’s lemma for switched
systems to further reduce conservatism. In the state-space
formulation of switched time-delay systems, the delayed
state x(k—d) explicitly appears, complicating the
treatment of intermediate states between x(k) and x(k—d).
Additionally, summation terms involving past states
introduce further complexity. Our proposed approach
addresses these issues by extending the analysis to m-step
delays, enabling effective stabilization of systems with
input/output delays. Moreover, the robust stability of the
proposed system is investigated through NMLK-derived
conditions. Since uncertainties may introduce variations
in the model, the Lyapunov—Krasovskii functional may
temporarily increase, potentially threatening stability. The
robust NMLK formulation overcomes this by not
enforcing strict decrease at each step. New lemmas are
introduced and integrated into a novel LMI derivation and
the complete set of stabilization conditions and
computational steps is provided.

The structure of this paper is as follows:

Section 2 presents the preliminary concepts related to this
study. Section 3 includes the principal findings, which
cover the m-step non-monotonic Lyapunov—Krasovskii-
based stability conditions as well as the robust stability
analysis in the presence of parametric uncertainties.
Section 4 evaluates the proposed method through
numerical examples and also presents the simulation
results. Section 5 is devoted to the summary and
conclusion.

Nomenclature

Amax(A): the largest eigenvalue associated with
matrix 4;

[I]l: euclidean vector norm;
*: symmetric terms in a symmetric matrix;

R (R*): subsets of R consisting of strictly positive
numbers;

R™™ :n-dimensional euclidean space;

lAll, = +/AmexATA spectral norm;

2. Definitions and preliminaries
a. Non-Monotonic Lyapunov Stability Method

The discrete-time switched system under consideration is
described as follows:
f:R®">R"
X(a1) = Fot (Xao) (1)
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where a(k) =i,x(k) eR™, f:R™—> R™ with f(0) =
0 To analyze the stability of the equilibrium point, the
origin (zero) is considered as the coordinate origin [20].
The Lyapunov stability condition states that there exists a
continuous scalar functionV (x ) such that the following
conditions hold:

1V (xy) >0 is a positive definite function (PDF),
2V(xy) > ©0as x — oo

3)V(0) =0 The value of the Lyapunov function at the
equilibrium point, which is taken as the origin, should be
zero;

4)V(x(k+1)) —V( x(k)) < 0for xg, # 0;

If all the conditions are satisfied, V (x) is a Lyapunov
function [25].

Definition 1: The function f(x) is globally Lipschitz if
there exists a constant L > 0 such that:

Vx,yeR"™,|f(x) = fO)I < Llx =yl )

This condition is introduced to indicate that the function,
defined as the system dynamics, is bounded and well-
behaved. The constant L is referred to as the Lipschitz
constant. In stability proofs, the Lipschitz property helps
ensure that the Lyapunov functions behave properly and
are differentiable as required.

Theorem 1: (Non-monotonic Lyapunov Stability) [25]-

[37]:

Consider the discrete system (1), where x, € R™ and
f:R™ > R™ is globally Lipschitz continuous with
constant L satisfying f(0) =0 . If there exists a
continuous scalar function V(x(,) that satisfies the
following conditions:

1) V(x@,y) >0 is a positive definite function (PDF);

2) V(x()) o was x> o

3) V(0)=0 The value of the Lyapunov function at the
equilibrium point, which is taken as the origin, should be
zero;

8 V(Xamy) —V(xa) < 0 for x(k) # 0;

where m specifies the number of steps over which the
Lyapunov function is allowed to increase. In this case, the
system is stable at the origin.

b. Lyapunov-Krasovskii Stability Method

In time-delay systems, the Lyapunov function is
influenced by both the present state and historical states.
Consequently, the Lyapunov—Krasovskii functional is
employed in place of the standard Lyapunov function for
stability analysis The space of continuous functions C
over the interval[—d ,0] is defined with the supremum
norm |-]. Additionally, we define the following variable:

%= (xfy *fe-a)) "
The subsequent theorem introduces the Lyapunov—

Krasovskii approach for stability analysis.
Theorem 2: (Lyapunov-Krasovskii Stability) [25]:
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If there exists a continuous function V:R™ — R and two
continuous, non-decreasing functions v and w: R™ - R*
, such that:
v(0) =w(0) =0,v(s) >0,w(s)>0Vs>0
Now, if the following conditions hold for x (k) :
0 < V(xgy) <vlxll?,V(0) =0 (3)

AV (xgo) =V (xgean) = Vx) < —wllzll? (@)
Then, the system’s equilibrium point x =0 s
asymptotically stable.

c. Finite Sum Inequality Based on Abel’s Lemma:
Finally, the following lemma will be used in this paper to
derive the NMLK-based stability criterion in order to
reduce conservatism:

Lemma 1. (Finite Sum Inequality Based on Abel’s
Lemma) [20]:

Let He R™™ be a fixed positive definite matrix such that
H = HT > 0and two integers r; and 7,such that r, —
r; > 1, the following inequality holds:

-1

1 3¢
Z n E)H T](]) = {)—vlTHvl + ﬁUZTHUZ (5)
j=r 1 1*3

The simplified form of each expression, for ease of
mathematical calculations, is as follows:

v = x(r;) = x(11)
vy = x(13) +x(r) = - £ %)

31=T2—7'1 ,1,02=€1—1 ,€3=£1+1

3. Main results

In this section of the paper, we examine the reduction of
conservatism in discrete-time delayed switching
dynamical systems using the Nonmonotonic Lyapunov-
Krasovskii approach. The linear matrix inequalities (LMI)
are derived by applying the Lyapunov-Krasovskii
function.

3.1.  Non-Monotonic Lyapunov—Krasovskii
Analysis Method

In the non-monotonic Lyapunov stability framework, the
Lyapunov function may exhibit temporary increases,
provided it decreases over time. The m-step difference of
the function is defined as follows:

AV =V (X(esm) =V (xa0) (6)
where m is the number of steps over which the Lyapunov-
Krasovskii function is allowed to increase.

In discrete-time systems with delays, the delay can be
considered in several forms:

1. Known constant

2. Unknown constant

3. Bounded time-varying
While time-varying delays constitute the most general
scenario, many industrial systems, including process
control applications, typically experience constant delays
[26]. The proposed theories in this paper are capable of
analyzing the stability of systems with delays in the
“known constant” or “unknown constant” cases.

Stability
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Consider the state-space model of a discrete-time system
subject to a constant but unknown delay, described as
follows:
{x(kﬂ) = Set0X(0) + Sao () X(k-a) O]
x(0) =), 0=—-d,—d+1- 0
where S,y and Sgs) are elements of R™™, ¢(6)
represents the initial conditions, d represents the
maximum value of the unknown delay, and takes a
positive integer value. Moreover, where V,,V,,V; are
given by equations (9) to (11).

V(k) =Vy(k) + V2 (k) + V3(k) <0 ©))
Vi(k) = x{i)B xi) 9)
+
k-1 (10)
V,(k) = Z x {jy F x5y
j=k—d
+
-1 k-1 (11)
V3(k) = £,4, Z . Z n Gy Hng
6=—d j=k+6
where £, =d — 1, £, =4, — 1 and 1) = X(j4m)- X(j)-

We now proceed to present the primary results of this
study.

Theorem 3: Assume the discrete-time system (7) is
subject to a constant, unknown delay and specified initial
conditions. Then, the system is m-step NMLK stable if
1<m<d and the matrices B € R¥*?"  F ¢ R™"
H e R™™ are positive definite, such that:

J1+3,+3;:<0 (12)

In which the parameters are defined as follows. These

expressions construct the functional, which must
ultimately decrease in sum:
3, = WTBY, — ¥YIBY, (13)
m-1 (14)
= > (DTRA - (ADTFAD
j=0
m-—1 (15)

Z(d m+ )+ DA},
- A})ZTH(A}H - A)
_’i(j
+1)(AJ+1 —ATH (A},

- AZ) — ((pm)TH((pm)
3m 2
4,4,
Based on the provided definition, when encountering
complex computational expressions, our main objective is
to reduce their complexity and simplify them the greatest
extent possible. To this end, we employ the following
expressions to represent longer terms in a concise and
substitutable form.

NGy = XG+m)” X(j) (16)

()" H (IT;)
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AL 17
Y, = .
S PR G
91
-
W, =
2 Pm+2 + Z sz

6=
D} =5 D}—1 + Sai c‘}—1+(1)
05 =92
A2 =S, A7, + S AT 1y
O = (g1 — Lony)
th+2 2
Iy, =g+ 2, Ly — Zg'm+2
§6o
=3YXwk) ‘Xk-a)* X(k-d+1) ="
k-1
" X(k-d+m-1)* Z x(j)
j=k—d+m

Proof: In the stability analysis process, each of the
terms A,V = AV, + AV, + A, Vs is calculated in
the following steps:

Step 1: Calculation of A, V;:

By utilizing the state-space representation provided in (7)
along with the definitions introduced, the stability
analysis will proceed; that is, the second difference of the
first Lyapunov function in equation (9) is calculated to
establish a foundation for a precise examination of the
system's dynamic behavior.

The block row vectors g; , for i=1,2,...
as follows:

,(m+2) are defined

gi = [Onx(i—l)n . Inxn- Onx(4—i)n] (18)

B Vi = Xy BX(erm) — X0y BX (o (19)

First, the state-space representation according to the
system dynamics defined in equation (7) is written:

ALV, = (20
X(k+m)

—a X" (j +m)] )

X (k+m)

[Z; de(]+m)] B[Z]

x(k) ! x(k)
Lol #les ool

] r—a X" () ] Zrea XD
Consider the following equations: two commonly used
expansions in Lyapunov-Krasovskii functions are
expressed as follows. These relations have been
developed and rewritten to provide a deeper
understanding of the mathematical foundations presented
in this paper. By substituting m as the desired time step,
it can be observed that many complex expressions, which
contribute to increasing system conservatism, are
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eliminated and simplified. As a result, a more optimized
form of the equations is obtained. The modified relations
are presented as follows:

k-1 k-1 (21)
YoaGrm= ) x()
Jj=k-d j=k—d+m-1
—x(tk—d+m-—-1)
m-—1
+ Z x(k +j)
j=0
k-1 k-1 (22)
Y= Y )
Jj=k—-d j=k-d+m-1
—d+m-2
+ x(k + )
de

Considering the defined expressions and substituting the
interval bounds, and also utilizing the relations provided
in equations (21) and (22), the general m-step form of
A,,V, is obtained. This analytical expression provides a
solid foundation for the subsequent steps of the proof and
analysis, and allows for a precise examination of stability
within the multi-step framework.

Al T (23)

ApVy = 5(7;() ([ m X

Gmez — B2y + Z;'n;ol Ajl

Gz — Ay + Z;'r;_ol A}
T
1

s 3]
g‘m+2+ ;'n:_(JZAj2

P A}D 0

Step 2: Calculation of A,,,V,:

(24a)
k-1
ApVy = Z X(iamy FX(jm)
j=k—d
k-1
T
- z X Fx
j=k—d

By substituting the interval limits into equation (25) and
considering equations (22) and (23), the following
fundamental structures will be reached. Solving the
complex mathematical expressions leads to the
elimination of other terms in the algebraic calculations.
AV = X{esm-1yFXerm-1) + +X{oFxqy  (24b)

_X(Tk—a+m—1)Fx(k—d+m—1) -
=Xy FX(k-a1)

By utilizing the defined expressions to simplify complex
mathematical terms and substituting them into equation
(17), the following relation is derived, which provides the
foundation for the subsequent analysis and computations.
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m-1 (25)
BV = £ 4 D (DT FA;
j=0

—(AHTFAH ()

Step 3: Calculation of A,V
AL Vs (26a)
-1 k-1

=4, n (Tj+m) HN¢ym
6=—d j=k+6
-1 k-1
- Z Z n Gy H gy

0=—d j=k+6
By substituting the limit values into the relevant equations
and reapplying relations (21) and (22) to simplify the
intermediate steps, the following analytical expression is
ultimately obtained, which serves as the basis for the
subsequent steps of the proof.

AmVs = £221d (1 (1o H Ny ++ (26b)

/] (Tk+m—1)H N(k+m-1)

k-1
T
- Z 1 pHNG)
j=k—d

k
- Z n (H gy =

j=k—-d+1
k+m-2

T Z n (H 16
j=k—d+m—-1
m-1 (26¢)
AVs = &5y | €22, Z(d —m+1
=0
+j)(A}+1 - A})T
x H(A}, —A})
m—2

= > G+ DRA, - AT
=0

X H(Ajzﬂ _A]Z) $(x)

+T

The summation term T' can be easily eliminated since it is
definitively negative. However, doing so may increase
conservatism. To mitigate this effect, instead of
eliminating the term, an upper bound is computed, which
serves to reduce conservatism. For this purpose, Lemma
1 (Abel’s lemma) is applied and extended to the m-step
case to further reduce the system’s conservatism.

k-1 (27)
F==m Z n (yH ng)
j=k—-d+m-1

Finally, we obtain:
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m
~MEfZk-arm-11 (HH 1G) < —Z(X(m - (28)

Xe-arm-1)))"H (X — x(k—d+m—1)))

3mé, +
— x X(k—d+m—
2.2; | 00 T Xemdrm-1)

2
- 7 —X(k-d+m-1)
2

T

k-1
+ z xgy | | H| %@ + Xk-am-1)
j=k—-d+m-1

5 k—1
7| TXG-a+m-1) + Z X
2 j=k—-d+m-1

3.2. Robust Non-Monotonic Lyapunov—Krasovskii
Stability Analysis Method
In practical scenarios, most systems expressed through
mathematical models inevitably involve some degree of
uncertainty.  Consequently, incorporating  such
uncertainties into the stability analysis framework is a key
requirement for reliable control system design. This
section introduces the robust non-monotonic Lyapunov—
Krasovskii (RNMLK) approach and provides the
corresponding stability results for uncertain time-delay
systems, as formulated in equation (29).

X+1) = (S +6S(k)) oo Xk) + (29)

(S + 6S(K)syaXk—a)

x(0) =¢@B), 6=—d,—d+ 1 0
where ¢ (0) represents the initial conditions and §S;(k)
and 6S;4(k) are the uncertainty matrices, defined as
follows:

[6S;(k) 6Sia(k)] = QZ(K)[Ma M4] (30)
where Q, M, and M, are constant matrices and Z(k) is
the uncertainty matrix satisfying the following inequality:

ZR)TZ(k) <1 (31)

Theorem 4: The robust non-monotonic Lyapunov—
Krasovskii (RNMLK) theorem with a specified step states
that, in this case, the number of steps is m=2.

Theorem 4 The discrete-time linear system with
uncertainty and time delay, equation (29), possesses two-
step robust non-monotonic Lyapunov—Krasovskii (2-step
RNMLK) stability if there exist positive definite matrices
Be R?™W2n  Fe R™M He R™™ | together with scalars
g >0 ,i=1..5,such that:

O4nxan 312
[512] 322

(32)

(33)
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31, = [vFHe.NTHO, KDY FQ .. (A2
- (AZ)THQ
@Ah va—1 (&,
—/i’q) .Vd (A
o \T —
- &)1 |
S22
[ O4n><4n O4-n><n O4-n><n
0,x4n A —Vd—-121
— Onxan  —vVd—12 (d -1
On><4.n \/_/'{ d(d - 1)2.
[Onx4n] [Onxn Onxn
| Onx4—n _ﬂd — 1 A]
O4n><n [O4n><n O4-n><n] i
\/_A [Onxn A]
—Jad=Da [Ope —Vd=11]
da [ O f A]
Onxn] [ nxn n><n
Vd 2 Onxn
311 = diag
{(w+ @+ &5 ' (Magy + Magr)" (M,
91+ Myg2)),
T _ __6(d-2)
(d 5 (Q"HQ — &), @D

X (Q"HQ — &), —(Q"HQ — &3), —(Q"HQ

e - F',—H',—-H™1,-B™1}

6d T
((d D (d -1 2 te&t 54)]1]1

_ _6(d=2) 7 _
(d-1) @2 H d(d—1)H2HH2

ADTFA? - (A7 — A3)" H(A? — A3)
w = AYTF A} — WIBW, - (A3)TFA3

_ Al
lIJ1=[01 ¢1 . T2 ]
Ay + AT +Af + g4
71

W :[ )

. 2 (A% + g4)

Af =gy

[}%= Si g1+ Sia 92

Af =g,

A2 =S,9,+ S 9s
where:

i

= (IS:]1? + 2lIS; QI M
+1QIIIMa 1) g4
+ 2(l1SiSiall + IS QUM I
+1QNIM I Sial
+lellMlllIQNIMalDg2
+(ISall? + 201Sia QNI Mqll
+HIRN?IMall*) g5

(34a)

(34b)

(34c)

(34d)

(34e)

(34f)
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A2

= (ISl + IS QINIM, I (349)
+ QUM 1Sl

+ 1QIIMINIQINIMa DG, + (IISiall?

+ 201Sa QM + 1QIZIM,112) g5

- (8- )

M= Ab+—% 42— 2 (340)
2= T T y™ d_zg%
J1 = Mag, , A = &5QQ"

Proof. By taking into account the uncertain coefficient
matrices and employing a method similar to that presented
in Theorem 3, the two-step stability criterion for the
uncertain time-delay system described in equation (29) is
derived. This criterion enables a precise analysis of the
system's stability under the influence of uncertainties and
provides a solid foundation for the subsequent steps of the
proof and examination of the system’s dynamic.

S - S + 65 (k) Ld - Sld + 6Szd(k) (35)
where:
31 +3,+3;,<0 (36)
gl = ~1TBLT11 - LIJzTquz (372)
3, = AHTFAL + (A))"FAS (37b)
(AZ)TFAZ

+ (R)TFA2

3= 0, - D[R - 8] H[R (37¢)
-k +afR-K]
~n (R - ]

- [R2 - &3] m[Re

_éi)d %) 1‘!’2 H‘Pz
— T, A
dd-1) * 2
and B
B, = A
AL+ AL+ A2+
og 1 1 T G
1
v, =], ]
02 AG+ g4)
é(l]:g’l
A% = Sig1+Sia g
ég—g*z
éi =Si gy + Sia @3
A} = Sii P1 + (Sisid + Sidsi)g‘z +Sh9s
¢, = (Ag — A?).
d 2
M, = A} A2 -
2 0+(d_2) 1 d_zg'4

Given the aforementioned conditions, the matrices
marked with a tilde ~ include the uncertain coefficient
matrices S; or S;;. Accordingly, the uncertain parts
include 7, BY, , The parameters are defined as follows:
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o=-®rk: - (K- &3) 0 (R2-43) O

(d 1)()02H(p2
6(d—2) .
~q@— D H

The remaining parameters include A2, K%, 7&% . To derive
the robust stability conditions, an upper bound for the
uncertain parts is first calculated, following the procedure
outlined in Appendix A of [33]. Accordingly, by applying
relations (A15), (A16), (A20), and (A32) from Appendix
A, inequality (36) is reformulated as follows:
& L& I & 71 z1]" o [Re (39)
S1t+ 32+ 33 < (d_l)[Al_AO] H[A1
- A})] +w+ o+ P, BY,
= = = =17
+ (RDTFAL +d A} - &1
— H[A} - &1]

where w, @ and ¥, defined in equations (34-c)—(34-e).
Applying the Schur complement lemma:

J1+3+3s < (40a)
w+® (A yoood o g7,
« -—f1t o O 0
* * _H—l 0 0
% * * H? 0
* * % * —B1

In equation (40a), the parameters 4,0 are defined as
follows:

= =\T
d=va—1(A} - A1)
U = V@& - AT

(40b)

Now, by substituting S;=585;+65(k) ,Siqg=Sia+
6S,;(k) into Al, we obtain A= (S; +68;(k))gq +
(S4i + 6S;4(k))g,By rearranging, A! can be rewritten as
follows:

K = &+ oM 4y
In which Al = S;g, + Siqg, and §A1 = 6S;(k)g, +
6S;4(k)g, , represent the nominal and uncertain parts,
respectively. Accordingly, using relation (41), the term
8, + 3, + 5, in equation (40a) can be separated as
follows:

$:+5:+3:<p+6p (42)
where:
0o sA gsA (43a)
SAL 0 0
KSA 0 0
0 0 0

0 "o o
0 [0 o]
0 [0 0]
[0 0 0
0 [0 0
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$ (43b)
wto (A) 1 S 97,
= * * _H—l 0_ 0
i . » —H 0
* * * —B1

In equation (43a-43b), the parameters 1,&,7,K are
defined as follows:

1=va-1(R-4&) r=—va-1 9
G = \/_(Al—A) VK =d

Therefore, inequality (36) holds if, for each:
,eR™, (eR™ ,i=2...6 .
=[¢1.43.43.34.45.441,5, # 0
we have:
T(@+60) =0l +{T6p{<0  (44)

Then:
(Tl < —(848 (45)
Considering g from equation (43-A), we have:
(ol = —2(¢ToAt" ¢, (46)
—Vd 5A1T 01 €

+ VgAY ¢,
o T
+ T 6A1" ¢)
By substituting SA! from equation (41) and using
relations (30), (45), and (46), it follows that:

"¢ (47)
< —Zmax{ZlT (M,g,
+ Mdez)T(ZT(k)QTcz
—Vd —1Z"(k)Q" %5 +VdZT (k) Q" ¢,
+ ZT()QT¢)IZT (k) Z(k) <1} <0
Its equivalent form is:
(T 0d)? (48)
> 4max {[¢f (Magy + Mag)" (27 (K)QTS,
—Vd —1Z"(k)Q" %3 +VdZ" (k) Q" 4,
+ 27 ()Q" %] 127 ) Z (k) < 1}

By applying Lemma A.2 in reference [27], the inequality
below is satisfied:

{({"p)? (49)

> 4[] (Magy + Mag,)" (Mag + Mag2)4i]

x [(ZT()Q ¢, —Vd = 12" (k)Q"¢;

+VdzT(k)Q"y,

+ZT(k)QT )T (ZT (k)QTE,

—Vd = 12" (K)Q"¢s +VdZ" (k)Q"¢,

+27(1)Q"3)IZT (k) Z (k) < 1]

In the above inequality, considering that Z7 (k)Z (k) < I,
we conclude that:
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(T p)? - (50a)
A[G]TIEDT (D] [¢1]
L1 QQT  TQQT  XKQQT  QQT 11é,
G| |T0QT(d—1QQT YoQT TQQT||¢
G| [%ee™ YT  deQT xQQ”||l
Gl L Q" TQQ" xQQ" QT Il
>0

In equation (50a), the parameters Y. 7. XK. are defined
as follows:
Y=—dd—-1),T=—-Vd-1 (50b)
K =Vd, U= Mg, + Mg,
Since some parameters are identical to those in equation
(50Db), they are not repeated, and thus equation (51) is
obtained.
By applying Lemma A.3 in reference [27], there exists a
positive scalar &5 > 0 such that:

o+ & (51)
(QI)T(QI) O4—n><5n]
05n><4n 05n><5n
4nx4n Osnxn Osnxn
Onxan A T2
+eg Onxan T2 d-—1DA
On><4n KA ‘yﬂ
[ On><4n] [ Onxn] [ Onxn
n><4n
O4nxn [04—n><n O4nxn]
K2 [Onsn 4]

Ya [Onxn T 4]
da [Onxn K 1]

O"X" [ nxn nxn]
Onxn

where A is defined in equation (34h). Then, by performing
some transformations, equation (33) is obtained,
completing the proof.

The robust stability condition presented in equation (33)
involves 1, B ~1, F =1, H=1, which makes it nonlinear.
Consequently, the resulting robust stability condition is
not a linear matrix inequality (LMI). Therefore, the
problem is solved using Algorithm I, thereby converting
the non-convex bilinear matrix inequality (BMI) problem
into a nonlinear optimization problem formulated with
LMIs [28]. Defining R, =B LR,=F1,R;=
H™',R, = e Algorithm 1 can be applied to the
corresponding BMI problem (33).

Algorithm I: Solving the BMI Problem
Minimization: subject to Trace{BR, + FR, + HR3} +
Trace{esR,} in relation (33) and
B>0,F>0,H>0,¢>0,i=1..5

AT AT A

The algorithm employs an iterative procedure, in which
initial estimates of the decision matrices are updated at
each iteration. At every step, the BMI problem is
approximated using LMI-based relaxations, enabling
numerical solution via standard LMI solvers. The iteration
continues until either convergence is reached or the
minimization criterion of the objective function

<0
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Trace{BR, + FR, + HR3} + Trace{esR,}
is satisfied. This approach ensures that the original non-
convex problem is systematically handled while
preserving the robustness and stability guarantees of the
proposed design.

4. Numerical example

Three numerical examples are presented to illustrate and
assess the effectiveness of the stability analysis criteria
proposed in Theorems 1,2,3 and 4. It is worth noting that
the results presented in this section were obtained using
MATLAB. For performing the computations, the
YALMIP toolbox along with the PENLAB solver was
employed. Minor differences in the results may occur due
to variations in settings and the choice of different solvers
.Moreover, in the numerical examples, the delay is
considered a known constant, which is consistent with the
practical scenarios discussed in the main results and
demonstrates the applicability of the proposed NMLK
method under this case.

Example 1: Consider the following delayed switching
system:

Xk+1) = So)Xk) T So()aXk—a) (52)
where the subsystem is defined as o (k): a(k) =i
Then, two subsystems are defined for this delayed system
(i=1,2)

In this example, g = 0.8 and S = 0 are considered.

(Xk+1)i=1

175 0
“la-9)-025 g+ 0.1] Xk
+'—(1—¢)-0.5 B ]x
|-(1-¢g) 14 —(1—g)-05[7&7
(Xr+1)i=2
_ g+0.1 g-0.225
“l-(1-g)-05 g-05 %
L[~-a)-03 40025 1.
|-(1-¢)-0.05 —(1—g)-0.15]" =79
Table I. Maximum upper bound of d
B=0 B =0.058
[13] 17 -
[3] 18 -
[29] 19 -
[14] 57
m=1 00 57
Theorem 3 | m=2 00 57
m=57 00 58

Table I compares the maximum upper bound of the delay
ddd obtained using Theorem 3 with different non-
monotonicity steps in this study against the stabilization
criteria derived from the Lyapunov functional in [13], the
finite-sum inequality-based approach in [3], and the use
of zero equalities in [29], for various values of B. It can be
observed that for =0, the proposed NMLK algorithm is
less conservative than the methods reported in [13], [3],
and [29]. In cases where the symbol o is used in the table,
this indicates that, for B=0, the system remains stable for
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any delay at each time step. By employing the NMLK
functional and applying Theorem 3, the stability of system
(52) is guaranteed. also, the introduced (NMLKF)
approach demonstrates superior performance compared to
the sum-of-squares inequality—based method in [3] and
the Abel lemma—based approach in [14]. Specifically, the
method in [3] fails to establish stability when p=0,
whereas the Abel-lemma-based method [14] provides a
relatively acceptable stability margin for d < 57.
However, Theorem 3 outperforms all other methods,
including stability analysis under arbitrary switching [30]
and discrete-time switched systems containing unstable
subsystems [31]. In both cases, the stability problem is
formulated in terms of Linear Matrix Inequalities (LMIs)
by employing Lyapunov functions. Compared with these
approaches, Theorem 3 ensures a wider stability margin
while significantly reducing conservatism. The proposed
non-monotonic Lyapunov—-Krasovskii functional
(NMLK) associated with system (52), for =0, m=57, and
the following initial conditions, is illustrated in Fig. 2.
X(0)=[ 10 -10]T

Fig.1 illustrates the system’s state trajectory, showing that
during the stability analysis, the system converges to a
constant value and maintains stability despite the delays.
Fig.2 depicts the non-monotonic decreasing nature of the
NMLK function, where the function increases in certain
intervals, yet its overall trend remains decreasing. The
increases observed in Figure 1 are at most equal to the
non-monotonic step size of m = 57. Figure 2 also consists
of two parts: the first part shows the proposed Lyapunov
function plotted over 2000 iterations, while in the second
part, a segment of the main graph is zoomed in and the
number of iterations is reduced from 2000 to 200, in order
to better illustrate the non-monotonicity as well as the
switching between subsystems.

Fig.3 presents the switching function, which indicates
which subsystem is active at the defined time steps. In this
example, the switching function varies randomly
throughout the specified number of iterations.

System State Trajectories

o] 500 1000 1500 2000
Iterations

Fig.1. States of the system for Example 1

10 ;
x 10° NMLKF

1.9

1.8
6 1.7
1.6

4
\ 15
2 \\ 14

(0] 500 1000 1500 2000
Iterations

Fig.2. Proposed NMLKEF for Example 1

NMLKF Value

160 180 200
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Fig.3. Switching pattern between subsystems

Example 2. Let us examine the following uncertain
system:
Xk = (S + 6S(k))ixq + (53)
(S +85(k))iax(-s)

If the unknown parameter g belongs to the interval g €
[0.1], then by substituting ¢ =0 we obtain subsystem 1,
and by substituting g =1 we obtain subsystem 2.
S.(q) = —0.85 - 0.05¢ —0.52+0.07g

i) = 041-0.03 —0.80+0.14g
S (@) = 0.31-0.03g 0.10 + 0.02g

ial%) = |_020+0.08¢ —0.10 + 0.01g,
In whitch considering the uncertainty matrics (30)

Ql—[006] M,, = [0.15 01].Mg =[02 0.1]

0.35
[0 09] M., = [0.16 0.11]. Mgy = [0.22 0.09]

In thIS example, Theorem 4 can still guarantee the stability
of the system in the presence of parameter uncertainty,
and the proposed method ensures stability in the proof

process more effectively compared with other approaches.

The objective of this example is to evaluate the
performance of the proposed method in the robust
stability analysis of time-delay switched systems. The
RNMLKF method, in contrast to previous studies, utilizes
a non-monotonic Lyapunov—Krasovskii functional with
the aim that, if the uncertainty is in the form of a convex
polytope, the constraints can be converted into LMIs [32]-
[36], or, in the case of norm-bounded uncertainty, as in
[34]-[35], the robust stability can be proven for T-S fuzzy
models using soft-computing techniques from fuzzy
control. Theorem 4 provides a stability margin with
reduced conservatism. The initial conditions are given
as:x(0)=1[1 1]7

Fig.4 Illustrates the system’s state trajectories and
indicates that during the stability analysis, the system
converges to a constant value and remains stable in the
presence of delays.

Fig.5 depicts the non-monotonic decreasing nature of the
NMLK function, where the function increases in certain
intervals, yet its overall trend remains decreasing. The
increases observed in Figure 1 are at most equal to the
non-monotonic step size of m = 2. Figure 2 also consists
of two parts: the first part shows the proposed Lyapunov
function plotted over 2000 iterations, while in the second
part, a segment of the main graph is zoomed in and the
number of iterations is reduced from 2000 to 200, in order
to better illustrate the non-monotonicity as well as the
switching between subsystems.

Fig.6 presents the switching function, which indicates
which subsystem is active at the defined time steps. In this

URTEL., 2025, Vol .4, No. 2, pp. 553-564

example, the switching function varies randomly
throughout the specified number of iterations.

Fig.7 State norms under parametric uncertainty show
bounded L, energy and limited peak response L ,
allowing evaluation of robust stability performance under
switching.

2

x(K)

1.5
(0] 50 100 150 200
) Iterations
Fig.4. States of the system for Example 2
x 10° Robust non-monotonic Lyapunov functional
15 T
RNMLKF
3 10 300 -
]
>
& 200
-
e
x 5 100 o
[0}
100 | 120 140 | 160 180 200
0 : : :
0] 500 1000 1500 2000

Iterations
Fig. 5. Proposed RNMLKF for Example 2
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Fig.6. Switching pattern between subsystems
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Fig.7. State norms under parametric uncertainty

Example 3. Let us examine the following uncertain
system:
Xger1) = (S +65(k))ixqe + (54)
(S +8S5(k))iaXe-ay

0.15
Xt [—0.1
0.14

0
(era)iz2 [0 08 0 ol 5+ [Zo1 _oalreze
In whitch considering the uncertainty matrics (30)

0
(xk+1)l 1 [0 08 0 95 -0 1] x(k—26)
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Q, = [0'85] M, =[02 03].Myg =[-01 —01]

_[0.05
—0.02

In [39]-[40], the maximum allowable delay d, ensuring
the asymptotic stability of the system was reported for
specific values of the minimum delay d;. In order to
provide a fair benchmark, these results are also referenced
here for comparison. In our study, since the delay is
assumed to be constant and precisely known, the
corresponding values of d, from [39]-[40] are used only
as reference points to highlight the improvement and
reduced conservatism achieved by the proposed method.
The initial conditions are given as:

x(0)=[1 1]"

Q, ].Ma2 =[0 —0.1]Mg, =[-0.3 —0.2]

Table Il. Maximum upper bound of d

dy

[39] 16
[40] 22
Theorem 4 26

Table Il compares the maximum upper bound of the delay
d obtained using Theorem 4 in this study. Accordingly,
the results are presented as follows.

15
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Fig.8. States of the system for for Example 3
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Fig. 9. Proposed RNMLKF for Example 3
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Fig.11. State norms under parametric uncertainty

5. Conclusion

In this paper, a novel non-monotonic Lyapunov—
Krasovskii theorem is developed for the stability analysis
of time-delay switching systems. Unlike classical
approaches, this method permits the Lyapunov—
Krasovskii function to increase temporarily at certain
steps, provided that its overall trend remains decreasing.
The concept of a “non-monotonic step” defines the
maximum allowable number of such temporary increases;
enlarging this step reduces conservatism but incurs higher
computational cost. Numerical results demonstrate that
integrating the non-monotonic structure with Abel’s
lemma substantially mitigates conservatism.
Additionally, a robust non-monotonic stability theorem is
derived for systems with uncertain delays, enlarging the
feasible stability region relative to existing methods. The
proposed approach ensures satisfactory stability
performance, guaranteeing system convergence to
equilibrium despite subsystem switching and the presence
of unknown delays.
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