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This paper presents a fault-tolerant consensus tracking approach that integrates
cubic observers This paper presents a fault-tolerant consensus tracking approach
that integrates cubic observers with adaptive control to enhance the performance
of Lipschitz nonlinear multi-agent systems (MASs) subject to simultaneous
actuator and sensor faults. The proposed method enables precise real-time fault
estimation and state estimation, ensuring accurate system operation. A distributed
adaptive control strategy, informed by the cubic observers, dynamically
compensates for actuator and sensor faults in multi agent systems, preserving
stability and consensus among agents. The controller parameters are
systematically derived using Linear Matrix Inequalities (LMIs), providing a
rigorous theoretical foundation. Under the above objectives, Lyapunov-based
stability analysis guarantees that the tracking errors remain uniformly ultimately
bounded and converge over time. Simulation examples validate the effectiveness
of the proposed approach, demonstrating consistent performance under
simultaneous and time-varying faults. Notably, the Root Mean Square Error
(RMSE) analysis confirms that our method performance compared to existing
approaches, significantly reducing tracking errors in adverse conditions.

1. Introduction

recent research has increasingly focused on Lipschitz

Over the past few decades, multi-agent systems (MASs)
have seen remarkable advancements, mainly due to their
ability to handle complex tasks beyond the capabilities of
individual agents. These systems are extensively
applicable in various fields such as mobile sensor
networks, unmanned aerial vehicles, and satellite
clusters[1]. However, many real-world MASs exhibit
nonlinear or strongly coupled dynamics, making linear
models inadequate. Relying on linear approximations
often leads to significant modeling errors and overly
conservative designs. In response to these challenges,
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nonlinear dynamics, which offer a broader and more
flexible modeling framework. Since any smooth
nonlinear function can be transformed into a Lipschitz
form, these systems have gained significant attention.
Several approaches have been developed to address
control and consensus in such systems, including
continuous-discrete time observer-based protocols [2],
adaptive observers for sensor faults [3], and sliding-mode
strategies under switching topologies [4]. Fully
distributed adaptive fault-tolerant consensus protocols for
Lipschitz nonlinear MASs with actuator faults were
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proposed in [5]. Despite these advances, existing methods
primarily focus on either consensus control or fault
detection but rarely integrate both aspects in a unified
framework.

The increasing complexity of engineering systems, driven

by technological advancements, has led to a higher risk of
faults in multi-agent systems (MASs) compared to single-
agent systems. This is due to the greater number of
actuators, sensors, and interconnected components
involved. Fault-tolerant control (FTC) techniques have
been developed to ensure stable operation despite system
failures[6].Various strategies have been developed to
maintain consensus despite faults. These include using
virtual actuators and sensors to reconfigure faulty
systems[7], adaptive estimation of fault parameters|[8],
and optimization-based algorithms[9]. Techniques like
sliding mode control[4] and Lyapunov-based
approaches[7, 8], are commonly used to ensure stability
and robustness.

Addressing actuator faults specifically, [10] develops
protocols for linear MASs, while event-triggered
strategies [11] and robust H, -based control [12] have
been explored for nonlinear MASs. Further efforts, such
as[13], propose a fault-tolerant control method for
nonlinear multi-agent systems facing output constraints
addressing actuator failures.

However, a critical limitation in the existing literature is
the lack of comprehensive strategies for handling
simultaneous actuator and sensor faults in MASs. Most
studies focus exclusively on actuator faults, overlooking
the significant impact of sensor faults on overall system
performance. Since neighboring agents rely on shared
information, sensor faults can propagate incorrect
measurements across the entire MAS, causing severe
degradation in control and consensus performance.
Addressing this challenge requires an integrated fault-
tolerant strategy that accounts for both actuator and sensor
failures. Several attempts have been made in this direction,
such as adaptive descriptor observer-based schemes [14],
finite-time sliding mode-based observers [15], and
distributed adaptive FTC strategy [16]. Additionally, The
fault-tolerant formation control problem of a class of
nonlinear multiagent systems with actuator/sensor faults
under directed and switching network topology is
addressed in [17].

Moreover, in many practical systems, states information
is often unavailable, making consensus control protocols
that rely on full state access inapplicable. To address this
challenge, observer-based techniques have been
introduced as a potential solution. Reference
[18] introduces a distributed fault estimation observer for
actuator faults, and [3] transforms sensor faults into
equivalent actuator faults and designing a distributed
adaptive fault estimation observer. Further advancing
observer-based strategies, [19] presents a distributed-
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observer-based adaptive control scheme for nonlinear
MASs with sensor faults without employing fault
estimation strategies. A complementary approach is
introduced in [20], which combines fault estimation with
fault-tolerant tracking control, proposing a sliding-mode
observer-based method for linear MASs affected by
actuator faults. To facilitate comparison with other works
in the literature review, we have included Tablel.

To address the challenges of simultaneous actuator and
sensor faults in Multi-Agent Systems (MAS), this paper
proposes a distributed adaptive observer-based fault-
tolerant consensus control strategy. The approach utilizes
cubic observers [21], [27], which offer superior
convergence rates and enhanced robustness compared to
traditional linear or sliding-mode designs. While these
cubic-based frameworks have been applied to fault-
tolerant control in linear systems [25] and leader-follower
linear MAS [26], the current work extends these
methodologies to nonlinear Lipschitz-type MAS. This
extension is necessary in nonlinear MAS, where agent
interactions and communication must be managed in the
presence of simultaneous sensor and actuator faults. The
proposed strategy integrates fault estimation with fault-
tolerant control mechanisms to detect and compensate for
faults while maintaining system integrity during dynamic
interactions. By leveraging the properties of cubic
observers, the proposed approach addresses fault
tolerance against concurrent actuator and sensor failures.
The main contributions are:

1. Simultaneous Fault Handling:

We address the simultaneous occurrence of both
actuator and sensor faults, a scenario that
distinguishes this work from studies focusing on
isolated fault types [3, 20] or individual fault
categories [14, 15, 16]. This dual consideration
significantly broadens the applicability of our
findings to real-world engineering scenarios
where both types of faults are likely to occur,
enhancing system resilience.

2. Integration of Fault Estimation: Unlike works
in [12] and [19] that overlook explicit fault
estimation, our strategy incorporates a
distributed adaptive fault estimation mechanism
for Lipschitz nonlinear multi-agent systems.

3. Dynamic Adaptive Control Mechanism: We
develop an adaptive control mechanism that
leverages cubic observers to establish a tracking
control strategy, ensuring stable operation and
dependable performance of the multi-agent
system under adverse conditions.

4. Enhanced Fault Tolerance: The proposed
method improves fault tolerance in the face of
simultaneous faults, providing a reliable
framework for complex, interconnected MASs.
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The structure of the paper is as follows: Section II covers
the necessary preliminaries and formulates the problem.
Section III presents the main results. In Section IV, two

examples are provided, and Section V offers concluding
remarks.

Table 1. of Fault-Tolerant Consensus Approaches in MASs Comparison

System Fault Type Fault
R X Control Strat. L Ob T
eference Dynamics Addressed ontrot Strategy Estimation server 1ype
/5] Lipschitz Nonlinear | Actuator faults Fully dzstzzobnutieoal’ adaptive No No observer
[10] Linear Actuator faults Fully distributed adaptive No No observer
control
[11] Linear Actuator faults Event-triggered adaptive No No observer
control
[12] Lipschitz Nonlinear | Actuator faults | Distributed robust Ho control No No observer
Adaptive Radial basis function
[13] Nonlinear Actuator faults neural networks and No No observer
backstepping control
Distributed
[18] Lipschitz Nonlinear | Actuator faults Fully distributed adaptive Yes . ou.tput
control estimation error
observer
Distributed
/3] Lipschitz Nonlinear Sensor faults Robust fault tolerant control Yes adaptive
observer
L . Distributed
[19] Nonlinear Sensor faults Distributed adaptive observer- No adaptive
based control
observer
Adaptive
[14] Nonlinear Actuator & Formation containment control Yes descriptor
Sensor faults
observer
. Actuator & Descrzpto;.f approach-based F m.zte-tzme
[15] Linear S » fault distributed Yes sliding mode
ensor jauts robust FTC observer
Sliding mode-
[16] Linear Actuator & Distributed adaptive control Yes based unknown
Sensor faults .
input observer
. Actuator & formation fuzzy Leuenberger
[17] Nonlinear Sensor faults FTC No observer
o Dynamic output
1207 Linear Actuator & Distributed fault tolerant Yes feedback
Sensor faults control
observer
Proposed . . ‘ Aetuator & Distributed Adaptz.ve fault ‘
Lipschitz Nonlinear tolerant control with fault Yes Cubic observer
Approach Sensor faults .
compensation
1. Problem Statement: L=1;€RVN wherel; =Y, a;and l;; = —a;;,i #

1.1. Graph theory and notations
In multi-agent systems, consider each agent as a node,
with the information exchange among N agents
represented by a directed graph G = (V, &, A) where V =
{v1,v,, ..., vx} is the set of nodes (agents), e Cc V XV is
the set of edges A = a;; € RV*V is the adjacency matrix.
If (vj, vL-) € ¢, it indicates that node j is a neighbor of
node i, or in other words, node i can receive information
from node j. The adjacency matrix A is defined as
A= a;; =1 (vj,vi) €Ec¢

B {aij =0 (vj,vi) & ¢
where a;; is the element of the adjacency matrix located

in row i and column j. The Laplacian matrix is defined as
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j . The graph G is introduced to represent the
communication topology between the leader node and its
neighbors. For the graph § ,
diag (g1, 9, -, gn) 1s defined to represent that there is a
directed path form node i to every other node. The scalar

the matrix G =

gi; = 1, if there is a connection between the node i and the
leader node; otherwise, g; = 0.

Notation: In this paper, Iy denotes the identity matrix of
size N X N, R™*"™ represents a real matrix of dimensions
mXxn , @ denotes
diag(ay,a,, ..., ay) represents a diagonal matrix with
The symbol ||.|| denotes the
matrix norm. For a symmetric matrix A4, the notation 4 >

the Kronecker product, and

elements aq,a,, ..., ay .
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0 indicates that the matrix is positive definite, meaning
that x"Ax > 0 Vx € R™.

1.2. System description
Consider a multi-agent system (MAS) comprising a
leader and M followers, labeled as 0 (leader) and 1,..., M
(followers). The dynamic of the leader and followers are
described as follows:

Xo(£) = Axy(t) + f1(x0(8), £)

%;(8) = Ax;(t) + B(w;(8) + 6{) + fL(x:(0),t) (1)

yi(t) = Cx;(t) + &7
where x,(t) and f;(x,) are the state vector and the
nonlinear function of leader. x;(t) € R", wu;(t) €
R™ and y;(t) € RP represent the state, input, output
vectors of followers, respectively. Matrices A, B and C
are known and have appropriate dimensions. The terms
6 and &7 denote the actuator and sensor faults,
respectively. The nonlinear function f;(x;(t),t) is
assumed to be Lipschitz in x with a Lipschitz constant y >
0,1e.,
£ Cer) = fLCe)ll < vllx — x|, Vxy, X, € R"
The following basic assumption are required to facilitate
the analysis:
Assumption 1. The unknown actuator and sensor faults
and their time derivatives are bounded, i.e., There exist
the constants A;, A, and S;, S, such that ||5%(t)|| < 4, ,
62| < Az and 165D < Sy, [|65@®)]| < S
To evaluate the proposed protocol in this paper, we
present the following stability definition and related
lemmas.
Definition 1. The signal z(t) is considered to be
uniformly ultimately bounded (UUB) with the ultimate
bound b, if for positive constants b and ¢ and for every
a € (0,c), there exists T(a,b) independent of t,, such
that ||z(t)|l < a implies [|z(¢)|| < b for all t >ty +T.
[22]
Lemma 1. Given a positive constant €, the following
inequality holds

2xTy < exTx+eyTy, x,y € R"

Lemma 2. Schur Complements[23]: For the matrices
X,Y, and W, with appropriate dimensions, where X7 =
X, YT =Y, then the following inequalities hold true in
an equivalent manner.

1. [V)V(T Y]<o

2. Each of the following is valid
WY <0,and X —WYwT <o.
WX<0,andY —WX'WT <o0.

2. The observer-based adaptive fault-tolerant
controller design
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In this section, cubic observers [21] are selected for their
capability to generalize linear observers, which leads to
faster response times and improved performance in
nonlinear systems. Furthermore, a distributed adaptive
fault-tolerant control method utilizing these observers is
proposed. The formulation of the cubic observer for
multi-agent systems under actuator and sensor faults is
presented as follows:

%i(t) = A% (®) + B(w(t) + 6) + £ (2 (D), )
+ Ly (0) — 9:())
— e} (t)0ey; (t)Ney, (1)
9:(t) = C&;(t) + 67

2

where £;(t), 9;(t), 6%, 65 are the observer state vector,
observer output vector, the estimations of actuator and
sensor fault, respectively. L € R™™ | N € R™",
0 € R™*™ are the observer gains to be designed later.
Define the state estimation error and tracking error of the
ith follower as:

exi(t) = x;(t) — %;(t) (3)
e0i(8) = x;(t) — xo(t) “4)
and also actuator and sensor fault estimation errors as:
essi(t) = 867 — &7
esai(t) = 6f — 8
Subsequently, the design of the adaptive fault-tolerant

®)

controller using the cubic observer is outlined as follows:
g(t) = Z a;j (J?i - J?j) + gi(X; — xo)
Jen (6)
u;(t) = cKe;(t) — 6F
The adaptive update laws are described as follows:
55 = —(IN®Q1) T (In®A1)ey
- (Uv®Q,)7'p,06°
§e = (In®Q2) " (Iy®23)e,
— (Iy®Qz) ™' B,6¢

The parameters S, 2,1, and 4, denote adaptive gains

(7

with compatible dimensions, which will be designed later.
The theorem below gives the procedure for designing the
proposed protocol.

Theorem 1: Consider the Lipschitz nonlinear MAS (1),
under the premises assumption 1, along with the state
observer (2), the control law (6), and the update laws (7).
Given scalars y > 0, g; > 0, if there exist positive definite
and symmetric matrices Py, P,, Q;, Q, with appropriate
dimensions such that the LMI (8) is satisfied, it can be
concluded that the multi-agent system achieves leader-
following consensus and is uniformly ultimately bounded
(UUB).

In the LMI (8), the matrices I1;; and II,, are defined
asTly; = Iy®(ATP, + PLA—CTST — SC) + y%&,7* and
My, = [yQATP, + P,A) + c(L + G)TRRT + c(L +
G)®R) +y2e,7 L.
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By considering appropriate dimensions for the
parameters Qq, Q,, Py, P,, A1, 45, $1, B2, S, R, these
parameters can be effectively computed using LMI (8).
Consequently, by solving the LMI, the controller and
observer gains can be calculated as K = (P,B)™'R,L =
p,7ts.
To aid understanding and facilitate deeper analysis, a
block diagram and a flowchart outlining the methodology
implemented in this paper is provided (see Fig. 1 and Fig.
2).
To simplify, the time argument "t" has been omitted.
Proof. To analyze the stability of system, we consider the
following Lyapunov function
V =ef(In®Py)e, + e5 Iy®P,)eg
+ €55 (In®Q1)ess ©)
+ e5,(In®Q2)esq
The derivative of V along the system and observer is
V =&l (Iy®Py)ey + e (Iy®Py)é,

+ &5 (In®P,)eg

+eg (IN®P,)ég

+ €55 (In®Q1)ess (10)

+ egs (IN ®Q1)é65

+ €5, (In®Q2)esq

+ 5, (In®Q2)ésq
With the definitionsf; (x;(t),t) — fi.(xo(t),t) £
Afpio and f; (x; (), 1) — f,(%;(2), 1) £ Afy,,
Equation (10) takes the form

Iyv®P, —c(L+ G)T®RT 0 (Lh®4") — (Iy®S)
—g 1 0 0 0

* 1,, Iy®P, 0

* * -, 0

* * * _2[31

* * * *

* * * *

* * * *

* * * *

* * * *

<0

Using Lemma 1 and the following relations,

2ey (Iy®P)Af;, < e1e; (Iy®P;Py)ey +v2e; le, ey
2eq (In®P,)Af1o < e265 (In®P,Py)eq +y2e; ey eg
2e5,(I®0Q1)8° < e3e],(Iy®Q; Q) + £576°" 8
2e5,(IN®Q;)8% < £45,(IN®Q,Q;)esq + 54_18aT8a

we have

IJRTEL, 2025, Vol.4, No. 2, pp. 681-694

1%

= ((IN®(A - LC))ex(t) + 1y ®Af,

+ (IN®B)eé'a - ([N®L)eé's

+ e (Iy®0)e, (Iy®N)e,)" (Iy®P;)e,
+ef (Iy®P) (IN®(A — LC))e, (1)

+ 1y®Af, + (Iy®B)es, — (In®L)ess
+ e (Iy®0)e, (Iy®N)e,)

+ ([Uy®A) + c(£L + G)RBK)]ey(t)
— [c(£ + G)®BK)]e, + (Iy®B)es, (11)
+ 1y®Af10)" (Iy®P;)e,

+ e (In®P,) ([(Iy®A)

+c(L + G)®BK)]ey(t)

—[c(£ + G)®BK)]e, + (Iy®B)es,

+ 1y®Af10) + égs(IN®Q1)eé's

+ egs(1N®Q1)é65 + éga(lN®Q2)eaa

+ ega([N®Q2)é6a

From Equation (11), we obtain
14
= el (Iy®(A —LC)TP, + Iy®P (A — LC))e,
+ 26;(1N®P1)AfL + 23;(1N®P1B)96a
— 2es, T (Iy®LTP,))e,
+ el [(Iy®ATP, + Iy®P,A)
+c(L+G)"®KTBTP,
+c(L + G)®P,BK)]e, (12)
+ 2e{ (Iy®P,B)es, + 2ef (Iy®P;)Afo
+2e5(Iv®Q,)6° — 2e5,(Iy®Q,) 6°
+2e5,(IN®Q2)6% — 2e5,(Iy®Q,) 6°
+ 2e (Iy®0)ey ey (Iy®P,N)e,

0 0 (Iy®P,B) — (Iy®41,") 0 0

0 0 0 0 0

0 0 IN®P,B 0 0

0 0 0 0 0
In®Q, B 0 0 0
—g371 0 0 0 0

* -7 0 0 0

* * —2p, Iv®Q; B2

* * * —54_11 0

* * * * —55_1[

®)
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< el (Iy®(A — LC)TP, + [y®P,(A — LC)
+&,(Iy®P,Py) +y?e; ey
+ ZetSaT(IN®BTP1)ex — 2ess" (In®L"Py)ey
+ el [Uy®ATP, + Iy®P,A)
+c(L+G)'®KTBTP,
+c(L + G)®P,BK)+&,(Iy®P,P,)
+y2e,7 e, — 2ef[c(L + G)TQKTBT P, e,
+ 2ef (Iy®P,B)es, + £35,(Iy®Q1 Q1) ess
+ 85,7187 85 — 2ef,(1y®Qy) 6°
+ &465,(In®Q,0,)es5q + 54_18aT8a
— 2e5,(Iy®Q;) e
+ 2e), (Iy®0)ey ey (Iy®P,Ne,
Substituting the update laws (7) shows that

1%

<el(Ily®A - LO)TP, + Iy®P, (A — LC)

+&,(Iy®P, Py) +y?e; Ve,

+ 2es5" [(Iy®4,) — (Iy®LTPy)]e,

+ ZeaaT[(IN®BTP1) — (In®4;)]ey

— 2el (Iy®P, L)ess

+ el [Iy®ATP, + I[yQP,A)

+c(L+G)'®KTBTP,

+ c(L + G)®P,BK)+&,(Iy®P,P,) (14)

+v%e,7 ey — 2el[c(L + G)TQKTBTP,]e,

+ 2ef (Iy®P,B)es, + e3e55(Iv®Q1 Q1 )ess

+ 83_185T85 —2el Bresq + 2eL,5,6%

- Zegs ﬁleds + Zegsﬁlas

+ e45,(IN®Q,0,)es5q + 54_1SaTSa

+ 2e] (Iy®0)e, el (Iy®@P,N)e,,

Using Lemma 1 again for the following relations
2e55B18° < eqegPipy’ ess + 616" 8¢
2e5B,8% < £5€5aBoPy" €50 + &5 6% 5
We get

1%

< el(Iy®(A — LC)TP, + Iy®P, (A — LC)

+ &, (IN®P,Py) + y?e; ™ Dey

+ 2es5" [(Uy®2;) — Uy®LTPy)]e,

+2es," [(IN®BTP;) — (Iy®2y)]e,

- Ze;(IN®P1L)eJS

+ el [(Iy®ATP, + Iy®P,A)

+c(L+G)T®KTBTP,

+ c(L + G)®P,BK)+&,(Iy®P,P,) (15)

+v2e, ey — 2el[c(L + G)"T®KTBTP,]e,

+ 235(1N®PZB)€M + £3€§S(IN®Q1Q1)655

+ 83_185T85 - Zegaﬁzeda - Zegs ﬁle(Ss

+ 84e§a(1N®QZQZ)e<5a + 54_18aT8a

+ £5e5,82P; " €sq + 57157 5°

+ 53 Pr 1" €ss + €6 1657 8

+ 2e) (Iy®0)e,er (Iy®P,N)e,,

IJRTEL, 2025, Vol.4, No. 2, pp. 681-694
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Note that
2e; (Iy®0)eyef (Iy®P N)e,
= 2ey [(In®O) (Cex + ess)ex IN®P1N)e,  (16)
= 2e][(Iy®0C)e el (Iy®P,N)
+ (Iy®0)essex (Iy®PiN)]e,
by using Lemma 1
(Iy®0)essey (Iy®P;N)
< & (Iyn®0)essess” (Iy®6T)
+ &, ' (Iy®N"P;)e.ef (Iy®P.N)
equation (16) leads to the following form
(In®8C)exe (Iy®PLN)
+ &, (Iy®N"P,)e. el (Iy®P,N)
+ &, (Iy®8)essess” (Iy®6")
= [((IN®OC)
+ &, "(Iy®N"P,))]e.es (Iy®P,N) (17)
+ &,(Iy®0)essess” (Iy®0O™)
= 2e; ((Iy®6C)
+ &, 1(IN®NTP,))e el (Iy®P,N)e,,
+ 2¢,e] (Iy®8)essess” Iy @87 e,

Applying (17) to (15) and simplifying gives
1%
<el(Iy®A—-LC)TP, + Iy®P, (A — LC)
+&(Iy®P,Py) +y?e; Ve,
+ 2e55" [(In®4,) — Uy®LTPy)]e,
+ 2e54" [IN®BTPy) — (Iy®2,)] e,
+ el [(Iy®ATP, + Iy®P,A)
+c(L+G)"®KTBTP,
+c(L + G)RP,BK)+&,(IyQP,P,)
+v%e, ey — el[c(L + G)T®KTBTP, e,
+ e§5(83(1N®Q1Q1) —-2p + 56ﬂ1ﬂ1T)eas
+ ega(€4(1N®Q2Q2) +&sBopBy — Zﬂz)%a
+ 2 (Iy®P,B)esq + (57157 6¢
+ 67185705 + 6,789 9 + £5716% 6°
+ 2e;,7 e (Iy®0)essess” In®0 e,
+ 2eT[(Iy®6C)
+ 87(IN®NTP1)]exe§(IN®P1N)ey
By considering N = —e&, P, €787, (18) can be
transformed as

(18)
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< el(Iy®(A — LC)TP, + Iy®P, (A — LC)
+ & (Iy®P,Py) + y?e; Dey
+ 2e55" [Uy®A1) — (Uy®LTPy)]e,
+ 254" [UN®BTP) — (Iy®24,)] ey
+ el [Iv®(ATP, + P,A)
+c(L+G)T®KTBTP,
+ (L + G)®P,BK)+&,(Iy®P,P,)
+v%e,7 ey — 2el[c(L + G)TQKTBTP,]e,
+ e§5(53(1N®Q1Q1) —2p + 56ﬁ1ﬁ1T)ess
+ ega(£4—(IN®Q2Q2) + &Py’ — Zﬁz)eaa
+ 26T (Iy®P,B)es, + £5 185" 69
+ 2,718 89 4 716978 4 £,71557 85
+ 2,7 ef (In®0)essess” (Iy®0T)e,,

By incorporating

(19)

assumption 1,
equation (19) can be obtained as

7T
69; Vi1 Y12 Pz sl ex
€o Va1 WY 0 Yyuf| e g (20

V<
e,?s Y3y 0 33 0 €ss

el Va1 Ya2 0 Pyullsa
Equation (20) can be expressed as
V<X"¥X+o €2y
Where

X = [ex €y Ess e&a]T 5

o2 2e;, el (Iy®8)essess” (Iy®8T)ey, + &571S,°
+ e, A% + &7 + 6718, 2
>0

and W is given as

Y1, = Iy®(A — LC)TP, + Iy®P, (A — LC)
+&,(Iy®P, Py) +y?e; ™!

Y, = —c(L+G)"®KTB™P,

13 = (Iv®2,") = (Iy®P;L)

Yi4 = (IN®P1B) - (IN®/12T)

—c(L + G)®P,BK

Yy = Iy®(ATP, + P,A) + c(L + G)TQKTBTP,
+c(L + G)®P,BK)+&,(IyQP,P,)
+y?e !

N |

&
I

faults

Industry

Y2u = (In®P,B)

P31 = (Iy®L) — (Iy®L'Py)

Y33 = &3(In®Q1 Q1) — 2 By + &6Bify”
Y41 = (Iy®B"Py) — (Iy®4,)

Y42 = (Iv®B'P,)

Yas = ,(In®Q20Q2) — 2B, + EsﬁzﬁzT
It follows that
V<aV+o
By considering g Y fori =3,..,7 to be small, the value
of o is correspondingly small. This implies that the rate of
change of V, denoted as V, remains uniformly ultimately
bounded. Consequently, it can be stated that
V< Anin (@I XI? + 0
where A,,,;, () is the minimum eigenvalue of matrix W.
If Apin(@)|| X2 >0, then V<0, and according to
Theorem 1, the state estimation error, tracking error, and
fault estimation errors remain bounded. Utilizing the
Schur Complement Lemma, the equivalent constraint
matrix ¥ in (21) can be expressed as LMI (8).
Consequently, it follows from Lyapunov stability theory
that the multi-agent system (1) is uniformly ultimately
bounded and achieves leader-following consensus. For
clarity, the notations used in the mathematical
formulations are listed in Table 2.
The proof is completed.

Table 2. Notations used in the mathematical

formulations
Notations Description
04%,6° Actuator/ Sensor fault
5%, 6% Derivative of actuator/sensor fault
5%, 85 Actuator/Sensor fault estimation
€xir €oi State estimation/ Tracking error
€5air E5si Actuator/Sesnsor fault estimation error
c Scalar constant
K Controller design parameters
L,N,0 Observer design parameters
A, A5, By, B2 Fault estimation adaptive gains
PP, 01,0, Positive definite and s.ymmetric Lyapunov
matrices

faults

_ b— R

.
Fault &7

&4

_ "

Fig 1. Block diagram of agent i with the observer-based adaptive FTC control

3. Simulation
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This section presents two examples to illustrate the
effectiveness of the proposed design approach. While the
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cubic-based estimation framework has been successfully
validated for linear MAS in our previous study [26]—
where comparative analyses between cubic and linear
observers regarding the mean tracking error were
conducted—the current simulation study focuses on
nonlinear Lipschitz-type MAS. To ensure a rigorous and
meaningful evaluation, the proposed method is
benchmarked against Reference [24], which provides a
comparable framework for nonlinear Lipschitz systems
under similar fault conditions. The LMI (8) is solved
using the YALMIP toolbox in MATLAB R2021b to
compute the design parameters, and the simulation results
are presented as follows:
Example 1. This example, adapted from reference [24],
considers a network of five satellite vehicles, consisting
of one leader (designated as index 0) and four followers
(indexed as i = 1,2,3,4). The results obtained from the
proposed method are compared against those presented in
[24]. The system matrices are described as follows:

01 0
4=lo ol 32[2.94]
C=[1 1] ,f.(0) = [0.1 s(;nxl]
Here, the states x; and x, represent the pitch angle and
pitch rate, respectively. The directed communication
topology is depicted in Fig. 3.
Scenario 1: The control protocols are implemented based
on Theorem 1 and by solving the linear matrix inequality
(10) and selecting ¢ =1andy =0.1, the design
parameters are determined as K = [-18.36 —33.76],
L=1[127 3.07]", 4, =[-1.02 6.03],Q, =
0.0956, B, = 0.1008. In this scenario, we assume that
6 =0, indicating that no sensor faults occur. Two
distinct types of time-varying actuator faults, along with
the disturbance considered in [24], are taken into account.
The simultaneous faults in the first and third actuators are

as follows:
0 0<t<?2
Si(t) = {0.5 —025t 2<t<6 ,
-1 t=6
0 0<t<4
ar <
65(®) = {1 + (t — 4)e~ 050 t>4

68 =64=0

The initial states of the leaders and followers are selected
to match those in [24]. The simulation results for fault
estimation are illustrated in Figs. 4 and 5, demonstrating
the system's effectiveness in identifying and estimating
time-varying faults within the proposed framework.
Response curves of x;;(t) and x;,(t) using proposed
adaptive fault-tolerant control scheme in this paper are
shown in Figs. 6 and 7. These curves demonstrate the
effectiveness of the proposed controller in reducing the
impact of actuator faults on the state trajectories of agents,
while ensuring consensus is achieved. To provide a
clearer and more precise comparison, Tables 3 and 4
present the absolute tracking errors observed for agents 1

IJRTEL, 2025, Vol.4, No. 2, pp. 681-694

and 3, using the active FTTC method in [24] and the
approach proposed in this paper. As shown in Tables 3
and 4, our method demonstrates superior performance
compared to active fault-tolerant control under the same
conditions, particularly in the presence of severe faults,
indicating better fault tolerance overall. In Table 5, we
compare the performance of our method with the
approach presented in [24], utilizing the Root Mean
Square Error (RMSE) index. This comparison is
conducted for a network of five satellite vehicles in this
scenario. The results clearly demonstrate the effectiveness
of our method in reducing RMSE, showcasing
significantly improved accuracy in satellite vehicle
performance evaluation under fault conditions.

Multi agent system

Eq. (1)

L J
Selving LMI

Eq. (8)

-

Cubic observer

Eq. (2)

Update
Laws

Eq. (7)

Controller

Eq. (6)

Fig 2. Flowchart of the proposed observer-based
adaptive FTC control

Fig 3. Communication topology of agents[24]

Scenario 2: In this case, like the first scenario,
simultaneous actuator faults are considered in the first and
third actuators. Additionally, a sensor fault 67 = sin(t)
for t > 0 is assumed to be occur. The design parameters
are determined as ¢ = 1,K =[-18.36 —33.76],L =
[1.27 3.07]",4, =[852 5.82],4, =
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[-1.02 6.03],Q, = 0.1058,Q, = 0.0956,f; =
0.1010, 5, = 0.1008. The estimation of the sensor fault
occurring in agent 1 is presented in Fig. 8, showcasing the
system's ability to accurately detect and estimate the faults
under the proposed control strategy. Similarly, the
actuator fault estimations are performed as in the previous
scenario. Figs. 9 and 10 illustrate the trajectories of agents
under the effect of simultaneous sensor and actuator faults.
As can be seen from in these figures, leader-following
consensus is achieved for nonlinear MASs despite the
presence of faults. At the time of the occurrence of the
sensor fault, in addition to the actuator faults, due to the
fast and accurate fault diagnosis, the MAS can maintain
its consensus under the control of the proposed FTC
without being affected by faults. The control inputs are
also illustrated in Figures 11 and 12. This illustration
helps to clarify how these inputs interact with the overall
system, allowing for a better understanding of their role in
the control process.

Example 2. A numerical example is provided here to
illustrate the effectiveness of the theoretical results in the
presence of simultaneous faults. System parameters of
multi-agent system are given as

-2 -0.03 19 —4
A=|53 -2 —5] , B = 5 ]
-5 19 =35 —0.16

0
c=M1 1 1], fL(x)=[ 0 ]
2sinx,

The communication topology is given in Fig. 3. By
selecting ¢ =1, and y =2, the design parameters
obtained from solving the LMI in Theorem 1 are as

K =[4250 6.23 -—15.21],
L=1[2265 4812 -11.14]",
A =[-250 625 —4.39],

A, =[-12.70 7.06 0.91],

25 .
a
2 — 50
I o |
—0
15
1
'ﬁ.—<
< 05
S
<)
0
05
1
15 ‘ ‘ .
0 10 20 30 40 50

Time (s)
Fig 4. Actuator fault 83 (t) and its estimation 83 (t)
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Q, =0.0224, Q, = 0.0033,

B, =0.0114,8, = 0.0114.

We demonstrate the results under multiple sensor and
actuator faults, showing the reliability of our fault
estimation scheme. Actuator faults considered as 67 (t) =
sin(t) for 15 <t < 20, 65(t) =0, 65(t) = sin(0.5
t) for 15 <t <20 and 82(t) = e 012 for t > 0.
The sensor faults occurring in the system is in the form of
5@) =0, 65(t)=1 for t=0 , 65()=(t—
10)e05*¢-10 for 10 <t <15 and &5(t) = 0.4«
sin(0.3 * t) * cos(0.4 * t) fort > 0.

The simulation results for actuator and sensor fault
estimation are presented in Figs. 13 and 14. It can be
observed that the designed fault estimation scheme
achieves accurate online estimation and the sensor and
actuator faults of agents are effectively detected. The
trajectories of xj; which shows that all the followers track
the leader via the prposed adaptive consensus protocol are
shown in Fig.15. As the consensus is achieved, it is
evident that the followers' states converge to the leader's
state.

The simulation results demonstrate the effectiveness of
the proposed cubic observer in the presence of
simultaneous faults. While the cubic structure introduces
a marginal in computational complexity
compared to conventional linear observers due to the
higher-order nonlinear terms, this trade-off is well-
justified by the significant enhancement in estimation
accuracy and the simultaneous convergence of both state
and fault-related Furthermore,
theoretically proven Uniformly Ultimately Bounded
(UUB) stability of the system, the observed performance
in the simulations is consistent with the predicted error
bounds, confirming that the observer remains robust
within the specified operational parameters.

increase

errors. given the

25 : : : :
0 10 20 30 40 50
Time (s)

Fig 5. Actuator fault 83(t) and its estimation 83 (t)
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21

Time(s)

Fig 6. State trajectories of X;; (t) (Scenario 1)
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6

Time(s)

Fig 7. State trajectories of x;,(t) (Scenario 1)

8

Table 3. Absolute Tracking Errors for agent 1: Proposed Method vs. Active FTTC[24]

Time(s) 4 4.5 5 55 6 6.5 7 7.5 8 8.5 9 9.5
Our
proposed | 0.0799 | 0.0618 | 0.0517 | 0.0417 | 0.0341 | 0.0357 | 0.0344 | 0.03480 | 0.03743 | 0.03255 | 0.03274 | 0.03979
method
Active
L1161 | 0.111 .12 171 .2 .1 .1 . 71 0. 1]0. 1] 0.0371 .
FTTC/24] 0.1161 | 0 9101256 | 0 4102069 | 0.1955 | 0.1353 | 0.08647 | 0.05531 | 0.04671 | 0.03716 | 0.03700
Table 4. Absolute Tracking Errors for agent 3: Proposed Method vs. Active FTTC[24]
Time(s) 4 4.5 5 5.5 6 6.5 7 7.5 8 8.5 9 9.5
Our
proposed | 0.11422 | 0.1026 | 0.0950 | 0.0837 | 0.0673 | 0.0610 | 0.0574 | 0.0538 | 0.0547 | 0.046 | 0.03746 | 0.04056
method
Active 0.06811 | 0.4410 | 0.7796 | 0.6519 | 0.3371 | 0.2216 | 0.2055 | 0.1935 | 0.1548 | 0.7067 | 0.02471 | 0.05318
rrrcizy | . . . . . . . . . . .
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Table 5. Root Mean Square Error (RMSE): Proposed
Method vs. Active FTTC[24]

gs
1

RMSE for RMSE for o2
agent 1 agent 3
Our proposed 0.0414 0.0669
method
Active FTTC[24] 0.0974 0.3145 . . .
0 10 20 30 40 50
Time (s)
Fig 8. Sensor fault 85 (t) and its estimation &85 (t)
8 T T T
7k —e—Ip,1
Ty I ATRVAVAVA
6 S Ta | | A
5F —k— xrljl 1 -
// o6} E——_
o 1 o Ty
< < 04p = Taa|]
) ) 32
02} Ty ||
0 -
02+
T 2 6 8 10 04 : I : :
Time(s) 0 2 8 10

Time(s)

Fig 9. State trajectories of x;; () under sensor and  Fig 10. State trajectories of x;,(t) under sensor and
actuator faults (Scenario 2) actuator faults (Scenario 2)

Conujo: inputs

ul
uz
u3
ua

1 1 1 1 1
5 10 15 20 25 30 35 40 45 50
Time(s)

Fig 11. Control inputs of agents (Scenario 1)
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Time(s)

Fig 12. Control inputs of agents (Scenario 2)
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Fig 13. Actuator faults and their estimations
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Fig 14. Sensor faults and their estimations
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xialt)

Time (s)

Fig 15. State trajectories of x;;(t) under sensor and actuator faults

4. Conclusion
This study presents an adaptive fault-tolerant consensus
control strategy for Lipschitz nonlinear leader-following
multi-agent systems. By utilizing cubic observers, we
achieved precise state estimation, which is critical for
enhancing fault detection and improving overall system
performance under adverse conditions. Our approach
effectively addresses simultaneous time varying sensor
and actuator faults, maintaining system stability and
ensuring that all agents reach consensus. The solution of
Linear Matrix Inequalities (LMIs) provided the necessary
parameters for effective control. Notably, numerical
simulations demonstrate a significant reduction in
tracking errors using our method, achieving a lower Root
Mean Square Error (RMSE) compared to existing
approach. These results confirm the resilience of our
consensus tracking control strategy, maintaining
performance even under challenging conditions. Overall,

IJRTEL, 2025, Vol.4, No. 2, pp. 681-694

our findings highlight the effectiveness of integrating
cubic observers with adaptive control in enhancing fault
tolerance and system reliability.
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  W


      X  T = X   ,       Y  T = Y ,


   [    X  W     W  T  Y ] < 0


  Y < 0 ,   a n d   X − W   Y  − 1   W  T < 0 .


  X < 0 ,   a n d   Y − W   X  − 1   W  T < 0 .


        x ^ .  i  ( t ) = A     x ^  i  ( t ) + B (   u  i  ( t ) +     𝛿 ^  i  a ) +   f  L  (     x ^  i  ( t ) , t ) + L (   y  i  ( t ) −     y ^  i  ( t ) ) −   e  y i  T  ( t ) 𝜃   e  y i  ( t ) N   e  y i  ( t )


      y ^  i  ( t ) = C     x ^  i  ( t ) +     𝛿 ^  i  s


      y ^  i  ( t ) = C     x ^  i  ( t ) +     𝛿 ^  i  s


      x ^  i  ( t ) ,       y ^  i  ( t ) ,       𝛿 ^  i  a ,       𝛿 ^  i  s  


  L ∈  ℝ  n ×   n  y


  N ∈  ℝ  n ×   n  y ,


  𝜃 ∈  ℝ    n  y ×   n  y


    e  x i  ( t ) =   x  i  ( t ) −     x ^  i  ( t )


    e  0 i  ( t ) =   x  i  ( t ) −   x 0  ( t )


    e  𝛿 s i  ( t ) =   𝛿  i  s −     𝛿 ^  i  s


    e  𝛿 a i  ( t ) =   𝛿  i  a −     𝛿 ^  i  a


    𝜀  i ( t ) =   ∑  j ∈   𝒩  i    a  i j  (     x ^  i −     x ^  j ) +   g  i (     x ^  i −   x 0 )


    u  i  ( t ) = c K   𝜀  i ( t ) −     𝛿 ^  i  a


        𝛿 ^ .  s = −    (   I  N ⨂   Q 1 )  − 1  (   I  N ⨂   𝜆 1 )   e  x −    (   I  N ⨂   Q 1 )  − 1   𝛽 1   


        𝛿 ^ .  a =    (   I  N ⨂   Q 2 )  − 1  (   I  N ⨂   𝜆 2 )   e  x −    (   I  N ⨂   Q 2 )  − 1   𝛽 2     𝛿 ^  a


    𝛽 1 ,     𝛽 2 ,     𝜆 1   and     𝜆 2  


  γ > 0 ,    ε  i > 0


    P 1 ,     P 2 ,   Q 1 ,     Q 2


   Π 11


   Π 22


   Π 11 =   I  N ⨂  (   A  T   P 1 +   P 1 A −   C  T   S  T − S C ) +   𝛾 2     𝜀 1  − 1


     Π 22 = I  N ⨂  (   A  T   P 2 +   P 2 A ) + c    ( ℒ + G )  T ⨂   R  T + c  ( ℒ + G ) ⨂ R ) +   𝛾 2     𝜀 2  − 1


    Q 1 ,   Q 2 ,   P 1 ,   P 2 ,   𝜆 1 ,   𝜆 2 ,   𝛽 1 ,   𝛽 2 , S , R


  .


  K =   (   P 2 B )  − 1 R ,   L =     P 1  − 1 S


  " t "


  V =   e  x  T (   I  N ⨂   P 1 )   e  x +   e 0  T   (   I  N ⨂ P 2 )   e 0 +   e  𝛿 s  T (   I  N ⨂   Q 1 )   e  𝛿 s +   e  𝛿 a  T (   I  N ⨂   Q 2 )   e  𝛿 a


  V


    V . =     e .  x  T (   I  N ⨂   P 1 )   e  x +   e  x  T (   I  N ⨂   P 1 )     e .  x +     e . 0  T   (   I  N ⨂ P 2 )   e 0 +   e 0  T   (   I  N ⨂ P 2 )     e . 0 +     e .  𝛿 s  T (   I  N ⨂   Q 1 )   e  𝛿 s +   e  𝛿 s  T (   I  N ⨂   Q 1 )     e .  𝛿 s +     e .  𝛿 a  T (   I  N ⨂   Q 2 )   e  𝛿 a +   e  𝛿 a  T (   I  N ⨂   Q 2 )     e .  𝛿 a


    f  L  (   x  i  ( t ) , t ) −   f  L  (   x 0  ( t ) , t ) ≜ ∆   f  L i 0


    f  L  (   x  i  ( t ) , t ) −   f  L  (     x ^  i  ( t ) , t ) ≜ ∆   f  L i


    V . =   (  (   I  N ⨂  ( A − L C ) )   e  x  ( t ) +  1  N ⨂ ∆   f  L +  (   I  N ⨂ B )   e  𝛿 a − (   I  N ⨂ L )   e  𝛿 s +   e  y  T (   I  N ⨂ 𝜃   ) e  y (   I  N ⨂ N )   e  y )  T (   I  N ⨂   P 1 )   e  x +   e  x  T (   I  N ⨂   P 1 ) (  (   I  N ⨂  ( A − L C ) )   e  x  ( t ) +  1  N ⨂ ∆   f  L +  (   I  N ⨂ B )   e  𝛿 a − (   I  N ⨂ L )   e  𝛿 s +   e  y  T (   I  N ⨂ 𝜃   ) e  y (   I  N ⨂ N )   e  y ) +    (  [  (   I  N ⨂ A ) + c  ( ℒ + G ) ⨂ B K ) ]   e 0  ( t ) −  [ c  ( ℒ + G ) ⨂ B K ) ]   e  x + (   I  N ⨂ B )   e  𝛿 a +  1  N ⨂ ∆   f  L 0 )  T   (   I  N ⨂ P 2 )   e 0 +   e 0  T   (   I  N ⨂ P 2 ) (  [  (   I  N ⨂ A ) + c  ( ℒ + G ) ⨂ B K ) ]   e 0  ( t ) − [ c  ( ℒ + G ) ⨂ B K ) ]   e  x + (   I  N ⨂ B )   e  𝛿 a +  1  N ⨂ ∆   f  L 0 ) +     e .  𝛿 s  T (   I  N ⨂   Q 1 )   e  𝛿 s +   e  𝛿 s  T (   I  N ⨂   Q 1 )     e .  𝛿 s +     e .  𝛿 a  T (   I  N ⨂   Q 2 )   e  𝛿 a +   e  𝛿 a  T (   I  N ⨂   Q 2 )     e .  𝛿 a


    V . =   e  x  T  (   I  N ⨂    ( A − L C )  T   P 1 +   I  N ⨂   P 1  ( A − L C ) )   e  x + 2   e  x  T  (   I  N ⨂   P 1 ) ∆   f  L + 2   e  x  T  (   I  N ⨂   P 1 B )   e  𝛿 a − 2     e  𝛿 s  T (   I  N ⨂   L  T   P 1 )   e  x +   e 0  T  [  (   I  N ⨂   A  T   P 2 +   I  N ⨂   P 2 A ) + c    ( ℒ + G )  T ⨂   K  T   B  T   P 2 + c  ( ℒ + G ) ⨂   P 2 B K ) ]   e 0 − 2   e  x  T  [ c    ( ℒ + G )  T ⨂   K  T   B  T   P 2 ]   e 0 + 2   e 0  T (   I  N ⨂   P 2 B )   e  𝛿 a + 2   e 0  T   (   I  N ⨂ P 2 ) ∆   f  L 0 + 2   e  𝛿 s  T  (   I  N ⨂   Q 1 )     𝛿 .  s − 2   e  𝛿 s  T  (   I  N ⨂   Q 1 )         𝛿 ^ .  s + 2   e  𝛿 a  T  (   I  N ⨂   Q 2 )     𝛿 .  a − 2   e  𝛿 a  T  (   I  N ⨂   Q 2 )         𝛿 ^ .  a + 2   e  y  T (   I  N ⨂ 𝜃   ) e  y   e  x  T (   I  N ⨂   P 1 N )   e  y


   [     Π 11    I  N ⨂   P 1  − c    ( ℒ + G )  T ⨂   R  T  0   (   I  N ⨂     𝜆 1  T ) −  (   I  N ⨂ S )  0  0   (   I  N ⨂   P 1 B ) −  (   I  N ⨂     𝜆 2  T )  0  0   ∗  −     𝜀 1  − 1  0  0  0  0  0  0  0  0   ∗  ∗   Π 22    I  N ⨂   P 2  0  0  0    I  N ⨂   P 2 B  0  0   ∗  ∗  ∗  −     𝜀 2  − 1 I  0  0  0  0  0  0   ∗  ∗  ∗  ∗  − 2   𝛽 1    I  N ⨂   Q 1    𝛽 1  0  0  0   ∗  ∗  ∗  ∗  ∗  −     𝜀 3  − 1 I  0  0  0  0   ∗  ∗  ∗  ∗  ∗  ∗  −     𝜀 6  − 1 I  0  0  0   ∗  ∗  ∗  ∗  ∗  ∗  ∗  − 2   𝛽 2    I  N ⨂   Q 2    𝛽 2   ∗  ∗  ∗  ∗  ∗  ∗  ∗  ∗  −     𝜀 4  − 1 I  0   ∗  ∗  ∗  ∗  ∗  ∗  ∗  ∗  ∗  −     𝜀 5  − 1 I ] ≤ 0


  2   e  x  T  (   I  N ⨂   P 1 ) ∆   f  L ≤   𝜀 1   e  x  T  (   I  N ⨂   P 1   P 1 )   e  x +   𝛾 2     𝜀 1  − 1     e  x  T   e  x


  2   e 0  T (   I  N ⨂   P 2 ) ∆   f  L 0 ≤   𝜀 2   e 0  T (   I  N ⨂   P 2   P 2 )   e 0 +   𝛾 2     𝜀 2  − 1     e 0  T   e 0


  2   e 0  T (   I  N ⨂   P 2 ) ∆   f  L 0 ≤   𝜀 2   e 0  T (   I  N ⨂   P 2   P 2 )   e 0 +   𝛾 2     𝜀 2  − 1     e 0  T   e 0


  2   e  𝛿 s  T  (   I  N ⨂   Q 1 )     𝛿 .  s ≤   𝜀 3   e  𝛿 s  T  (   I  N ⨂   Q 1   Q 1 )   e  𝛿 s +     𝜀 3  − 1       𝛿 .  s  T     𝛿 .  s


  2   e  𝛿 s  T  (   I  N ⨂   Q 1 )     𝛿 .  s ≤   𝜀 3   e  𝛿 s  T  (   I  N ⨂   Q 1   Q 1 )   e  𝛿 s +     𝜀 3  − 1       𝛿 .  s  T     𝛿 .  s


  2   e  𝛿 a  T  (   I  N ⨂   Q 2 )     𝛿 .  a ≤   𝜀 4   e  𝛿 a  T  (   I  N ⨂   Q 2   Q 2 )   e  𝛿 a +     𝜀 4  − 1       𝛿 .  a  T     𝛿 .  a


  2   e  𝛿 a  T  (   I  N ⨂   Q 2 )     𝛿 .  a ≤   𝜀 4   e  𝛿 a  T  (   I  N ⨂   Q 2   Q 2 )   e  𝛿 a +     𝜀 4  − 1       𝛿 .  a  T     𝛿 .  a


    V . ≤   e  x  T  (   I  N ⨂    ( A − L C )  T   P 1 +   I  N ⨂   P 1  ( A − L C ) +   𝜀 1  (   I  N ⨂   P 1   P 1 ) +   𝛾 2     𝜀 1  − 1 )   e  x +     2 e  𝛿 a  T  (   I  N ⨂   B  T   P 1 )   e  x − 2     e  𝛿 s  T (   I  N ⨂   L  T   P 1 )   e  x +   e 0  T  [  (   I  N ⨂   A  T   P 2 +   I  N ⨂   P 2 A ) + c    ( ℒ + G )  T ⨂   K  T   B  T   P 2 + c  ( ℒ + G ) ⨂   P 2 B K )   + 𝜀 2  (   I  N ⨂   P 2   P 2 ) +   𝛾 2     𝜀 2  − 1 ]   e 0 − 2   e  x  T  [ c    ( ℒ + G )  T ⨂   K  T   B  T   P 2 ]   e 0 + 2   e 0  T (   I  N ⨂   P 2 B )   e  𝛿 a +   𝜀 3   e  𝛿 s  T  (   I  N ⨂   Q 1   Q 1 )   e  𝛿 s +     𝜀 3  − 1       𝛿 .  s  T     𝛿 .  s − 2   e  𝛿 s  T  (   I  N ⨂   Q 1 )         𝛿 ^ .  s +   𝜀 4   e  𝛿 a  T  (   I  N ⨂   Q 2   Q 2 )   e  𝛿 a +     𝜀 4  − 1       𝛿 .  a  T     𝛿 .  a − 2   e  𝛿 a  T  (   I  N ⨂   Q 2 )         𝛿 ^ .  a + 2   e  y  T (   I  N ⨂ 𝜃   ) e  y   e  x  T  (   I  N ⨂   P 1 N )   e  y


    V . ≤   e  x  T  (   I  N ⨂    ( A − L C )  T   P 1 +   I  N ⨂   P 1  ( A − L C ) +   𝜀 1  (   I  N ⨂   P 1   P 1 ) +   𝛾 2     𝜀 1  − 1 )   e  x + 2     e  𝛿 s  T [  (   I  N ⨂   𝜆 1 ) −  (   I  N ⨂   L  T   P 1 )   ] e  x +     2 e  𝛿 a  T [  (   I  N ⨂   B  T   P 1 ) −  (   I  N ⨂   𝜆 2 ) ]   e  x − 2   e  x  T  (   I  N ⨂   P 1 L )   e  𝛿 s +   e 0  T  [  (   I  N ⨂   A  T   P 2 +   I  N ⨂   P 2 A ) + c    ( ℒ + G )  T ⨂   K  T   B  T   P 2 + c  ( ℒ + G ) ⨂   P 2 B K )   + 𝜀 2  (   I  N ⨂   P 2   P 2 ) +   𝛾 2     𝜀 2  − 1 ]   e 0 − 2   e  x  T  [ c    ( ℒ + G )  T ⨂   K  T   B  T   P 2 ]   e 0 + 2   e 0  T (   I  N ⨂   P 2 B )   e  𝛿 a +   𝜀 3   e  𝛿 s  T  (   I  N ⨂   Q 1   Q 1 )   e  𝛿 s +     𝜀 3  − 1       𝛿 .  s  T     𝛿 .  s − 2   e  𝛿 a  T   𝛽 2   e  𝛿 a + 2   e  𝛿 a  T     𝛽 2 𝛿  a − 2   e  𝛿 s  T     𝛽 1   e  𝛿 s + 2   e  𝛿 s  T     𝛽 1 𝛿  s +   𝜀 4   e  𝛿 a  T  (   I  N ⨂   Q 2   Q 2 )   e  𝛿 a +     𝜀 4  − 1       𝛿 .  a  T     𝛿 .  a + 2   e  y  T (   I  N ⨂ 𝜃   ) e  y   e  x  T  (   I  N ⨂   P 1 N )   e  y


  2   e  𝛿 s  T     𝛽 1 𝛿  s ≤   𝜀 6   e  𝛿 s  T   𝛽 1     𝛽 1  T   e  𝛿 s +     𝜀 6  − 1     𝛿  s  T   𝛿  s


  2   e  𝛿 a  T   𝛽 2   𝛿  a ≤   𝜀 5   e  𝛿 a  T   𝛽 2     𝛽 2  T   e  𝛿 a +     𝜀 5  − 1     𝛿  a  T   𝛿  a


  2   e  𝛿 a  T   𝛽 2   𝛿  a ≤   𝜀 5   e  𝛿 a  T   𝛽 2     𝛽 2  T   e  𝛿 a +     𝜀 5  − 1     𝛿  a  T   𝛿  a


    V . ≤   e  x  T  (   I  N ⨂    ( A − L C )  T   P 1 +   I  N ⨂   P 1  ( A − L C ) +   𝜀 1  (   I  N ⨂   P 1   P 1 ) +   𝛾 2     𝜀 1  − 1 )   e  x + 2     e  𝛿 s  T [  (   I  N ⨂   𝜆 1 ) −  (   I  N ⨂   L  T   P 1 )   ] e  x +     2 e  𝛿 a  T [  (   I  N ⨂   B  T   P 1 ) −  (   I  N ⨂   𝜆 2 ) ]   e  x − 2   e  x  T  (   I  N ⨂   P 1 L )   e  𝛿 s +   e 0  T  [  (   I  N ⨂   A  T   P 2 +   I  N ⨂   P 2 A ) + c    ( ℒ + G )  T ⨂   K  T   B  T   P 2 + c  ( ℒ + G ) ⨂   P 2 B K )   + 𝜀 2  (   I  N ⨂   P 2   P 2 ) +   𝛾 2     𝜀 2  − 1 ]   e 0 − 2   e  x  T  [ c    ( ℒ + G )  T ⨂   K  T   B  T   P 2 ]   e 0 + 2   e 0  T (   I  N ⨂   P 2 B )   e  𝛿 a +   𝜀 3   e  𝛿 s  T  (   I  N ⨂   Q 1   Q 1 )   e  𝛿 s +     𝜀 3  − 1       𝛿 .  s  T     𝛿 .  s − 2   e  𝛿 a  T   𝛽 2   e  𝛿 a − 2   e  𝛿 s  T     𝛽 1   e  𝛿 s +   𝜀 4   e  𝛿 a  T  (   I  N ⨂   Q 2   Q 2 )   e  𝛿 a +     𝜀 4  − 1       𝛿 .  a  T     𝛿 .  a +   𝜀 5   e  𝛿 a  T   𝛽 2     𝛽 2  T   e  𝛿 a +     𝜀 5  − 1     𝛿  a  T   𝛿  a +   𝜀 6   e  𝛿 s  T   𝛽 1     𝛽 1  T   e  𝛿 s +     𝜀 6  − 1     𝛿  s  T   𝛿  s + 2   e  y  T (   I  N ⨂ 𝜃   ) e  y   e  x  T  (   I  N ⨂   P 1 N )   e  y


  2   e  y  T (   I  N ⨂ 𝜃   ) e  y   e  x  T  (   I  N ⨂   P 1 N )   e  y = 2   e  y  T [  (   I  N ⨂ 𝜃 )  ( C   e  x +   e  𝛿 s )   e  x  T  (   I  N ⨂   P 1 N ) ]   e  y = 2   e  y  T [  (   I  N ⨂ 𝜃 C )   e  x   e  x  T  (   I  N ⨂   P 1 N ) +  (   I  N ⨂ 𝜃 )   e  𝛿 s   e  x  T  (   I  N ⨂   P 1 N ) ]   e  y


   (   I  N ⨂ 𝜃 )   e  𝛿 s   e  x  T  (   I  N ⨂   P 1 N ) ≤   𝜀 7  (   I  N ⨂ 𝜃 )   e  𝛿 s     e  𝛿 s  T  (   I  N ⨂   𝜃  T ) +     𝜀 7  − 1   (   I  N ⨂ N  T   P 1 )   e  x   e  x  T  (   I  N ⨂   P 1 N )


   (   I  N ⨂ 𝜃 C )   e  x   e  x  T  (   I  N ⨂   P 1 N ) +     𝜀 7  − 1   (   I  N ⨂ N  T   P 1 )   e  x   e  x  T  (   I  N ⨂   P 1 N ) +   𝜀 7  (   I  N ⨂ 𝜃 )   e  𝛿 s     e  𝛿 s  T  (   I  N ⨂   𝜃  T )


  = [ (  (   I  N ⨂ 𝜃 C ) +     𝜀 7  − 1   (   I  N ⨂ N  T   P 1 ) ) ]   e  x   e  x  T  (   I  N ⨂   P 1 N ) +   𝜀 7  (   I  N ⨂ 𝜃 )   e  𝛿 s     e  𝛿 s  T  (   I  N ⨂   𝜃  T ) = 2   e  y  T (  (   I  N ⨂ 𝜃 C ) +     𝜀 7  − 1   (   I  N ⨂ N  T   P 1 ) )   e  x   e  x  T  (   I  N ⨂   P 1 N )   e  y + 2   𝜀 7   e  y  T  (   I  N ⨂ 𝜃 )   e  𝛿 s     e  𝛿 s  T  (   I  N ⨂   𝜃  T )   e  y


  = [ (  (   I  N ⨂ 𝜃 C ) +     𝜀 7  − 1   (   I  N ⨂ N  T   P 1 ) ) ]   e  x   e  x  T  (   I  N ⨂   P 1 N ) +   𝜀 7  (   I  N ⨂ 𝜃 )   e  𝛿 s     e  𝛿 s  T  (   I  N ⨂   𝜃  T ) = 2   e  y  T (  (   I  N ⨂ 𝜃 C ) +     𝜀 7  − 1   (   I  N ⨂ N  T   P 1 ) )   e  x   e  x  T  (   I  N ⨂   P 1 N )   e  y + 2   𝜀 7   e  y  T  (   I  N ⨂ 𝜃 )   e  𝛿 s     e  𝛿 s  T  (   I  N ⨂   𝜃  T )   e  y


    V . ≤   e  x  T  (   I  N ⨂    ( A − L C )  T   P 1 +   I  N ⨂   P 1  ( A − L C ) +   𝜀 1  (   I  N ⨂   P 1   P 1 ) +   𝛾 2     𝜀 1  − 1 )   e  x + 2     e  𝛿 s  T [  (   I  N ⨂   𝜆 1 ) −  (   I  N ⨂   L  T   P 1 )   ] e  x +     2 e  𝛿 a  T [  (   I  N ⨂   B  T   P 1 ) −  (   I  N ⨂   𝜆 2 ) ]   e  x +   e 0  T  [  (   I  N ⨂   A  T   P 2 +   I  N ⨂   P 2 A ) + c    ( ℒ + G )  T ⨂   K  T   B  T   P 2 + c  ( ℒ + G ) ⨂   P 2 B K )   + 𝜀 2  (   I  N ⨂   P 2   P 2 ) +   𝛾 2     𝜀 2  − 1 ]   e 0 −   e  x  T  [ c    ( ℒ + G )  T ⨂   K  T   B  T   P 2 ]   e 0 +   e  𝛿 s  T  (     𝜀 3 ( I  N ⨂   Q 1   Q 1 ) − 2     𝛽 1 +   𝜀 6   𝛽 1     𝛽 1  T )   e  𝛿 s +   e  𝛿 a  T  (   𝜀 4  (   I  N ⨂   Q 2   Q 2 ) +   𝜀 5   𝛽 2     𝛽 2  T − 2   𝛽 2 )   e  𝛿 a + 2   e 0  T (   I  N ⨂   P 2 B )   e  𝛿 a + (     𝜀 5  − 1 )     𝛿  a  T   𝛿  a +     𝜀 6  − 1     𝛿  s  T   𝛿  s +     𝜀 4  − 1       𝛿 .  a  T     𝛿 .  a +     𝜀 3  − 1       𝛿 .  s  T     𝛿 .  s + 2     𝜀 7  − 1   e  y  T  (   I  N ⨂ 𝜃 )   e  𝛿 s     e  𝛿 s  T  (   I  N ⨂   𝜃  T )   e  y + 2   e  y  T [ (   I  N ⨂ 𝜃 C ) +   𝜀 7   (   I  N ⨂ N  T   P 1 ) ]   e  x   e  x  T  (   I  N ⨂   P 1 N )   e  y


 


    V . ≤   e  x  T  (   I  N ⨂    ( A − L C )  T   P 1 +   I  N ⨂   P 1  ( A − L C ) +   𝜀 1  (   I  N ⨂   P 1   P 1 ) +   𝛾 2     𝜀 1  − 1 )   e  x + 2     e  𝛿 s  T [  (   I  N ⨂   𝜆 1 ) −  (   I  N ⨂   L  T   P 1 )   ] e  x +     2 e  𝛿 a  T [  (   I  N ⨂   B  T   P 1 ) −  (   I  N ⨂   𝜆 2 ) ]   e  x +   e 0  T  [   I  N ⨂ (   A  T   P 2 +   P 2 A ) + c    ( ℒ + G )  T ⨂   K  T   B  T   P 2 + c  ( ℒ + G ) ⨂   P 2 B K )   + 𝜀 2  (   I  N ⨂   P 2   P 2 ) +   𝛾 2     𝜀 2  − 1 ]   e 0 − 2   e  x  T  [ c    ( ℒ + G )  T ⨂   K  T   B  T   P 2 ]   e 0 +   e  𝛿 s  T  (     𝜀 3 ( I  N ⨂   Q 1   Q 1 ) − 2     𝛽 1 +   𝜀 6   𝛽 1     𝛽 1  T )   e  𝛿 s +   e  𝛿 a  T  (   𝜀 4 (   I  N ⨂   Q 2   Q 2 ) +   𝜀 5   𝛽 2     𝛽 2  T − 2   𝛽 2 )   e  𝛿 a + 2   e 0  T (   I  N ⨂   P 2 B )   e  𝛿 a +     𝜀 3  − 1       𝛿 .  s  T     𝛿 .  s +     𝜀 4  − 1       𝛿 .  a  T     𝛿 .  a +     𝜀 5  − 1     𝛿  a  T   𝛿  a +     𝜀 6  − 1     𝛿  s  T   𝛿  s + 2     𝜀 7  − 1   e  y  T  (   I  N ⨂ 𝜃 )   e  𝛿 s     e  𝛿 s  T  (   I  N ⨂   𝜃  T )   e  y


    V . ≤    [      e  x  T     e 0  T     e  𝛿 s  T     e  𝛿 a  T ]  T  [      𝜓 11    𝜓 12    𝜓 13    𝜓 14     𝜓 21    𝜓 22  0    𝜓 24     𝜓 31  0    𝜓 33  0     𝜓 41    𝜓 42  0    𝜓 44 ]  [      e  x     e 0     e  𝛿 s     e  𝛿 a ] + 𝜎


    V . ≤     X -  T Ψ   X - + 𝜎


    X - =    [      e  x    e 0    e  𝛿 s    e  𝛿 a ]  T


  𝜎 ≜ 2     𝜀 7  − 1   e  y  T  (   I  N ⨂ 𝜃 )   e  𝛿 s     e  𝛿 s  T  (   I  N ⨂   𝜃  T )   e  y +     𝜀 3  − 1     S 2 2 +     𝜀 4  − 1     A 2 2 +     𝜀 5  − 1     A 1 2 +     𝜀 6  − 1     S 1 2 > 0


  Ψ


    𝜓 11 =   I  N ⨂    ( A − L C )  T   P 1 +   I  N ⨂   P 1  ( A − L C ) +   𝜀 1  (   I  N ⨂   P 1   P 1 ) +   𝛾 2     𝜀 1  − 1


    𝜓 12 = − c    ( ℒ + G )  T ⨂   K  T   B  T   P 2


    𝜓 13 =  (   I  N ⨂     𝜆 1  T ) −  (   I  N ⨂   P 1 L )


    𝜓 14 =  (   I  N ⨂   P 1 B ) −  (   I  N ⨂     𝜆 2  T )


    𝜓 21 = − c ( ℒ + G ) ⨂   P 2 B K


    𝜓 22 =   I  N ⨂ (   A  T   P 2 +   P 2 A ) + c    ( ℒ + G )  T ⨂   K  T   B  T   P 2 + c  ( ℒ + G ) ⨂   P 2 B K )   + 𝜀 2  (   I  N ⨂   P 2   P 2 ) +   𝛾 2     𝜀 2  − 1


    𝜓 24 = (   I  N ⨂   P 2 B )


    𝜓 31 =  (   I  N ⨂   𝜆 1 ) −  (   I  N ⨂   L  T   P 1 )


    𝜓 33 =     𝜀 3 ( I  N ⨂   Q 1   Q 1 ) − 2     𝛽 1 +   𝜀 6   𝛽 1     𝛽 1  T


    𝜓 41 =  (   I  N ⨂   B  T   P 1 ) −  (   I  N ⨂   𝜆 2 )


    𝜓 42 = (   I  N ⨂   B  T   P 2 )


    𝜓 44 =   𝜀 4 (   I  N ⨂   Q 2   Q 2 ) − 2   𝛽 2 +   𝜀 5   𝛽 2     𝛽 2  T


    V . ≤ 𝛼 V + 𝜎


      𝜀  i  − 1


  i = 3 , … , 7


  𝜎


  V


    V .


    V . ≤ −  λ  m i n ( 𝛼 )    ‖     X - ‖ 2 + 𝜎


   λ  m i n ( 𝛼 )


  Ψ


   λ  m i n ( 𝛼 )    ‖     X - ‖ 2 > 𝜎


    V . < 0


  𝜓


    𝛿  a ,   𝛿  s


      𝛿 .  a ,     𝛿 .  s


      𝛿 ^  a ,     𝛿 ^  s


    e  x i ,   e  0 i


    e  𝛿 a i ,   e  𝛿 s i


  c


  K


  L , N , 𝜃


    𝜆 1 ,   𝜆 2 ,   𝛽 1 ,   𝛽 2


    P 1 ,   P 2 ,   Q 1 ,   Q 2


  i = 1 , 2 , 3 , 4


  A =  [    0  1   0  0 ]     ,     B =  [    0   2 . 94 ]              


  C =  [    1  1 ]         ,     f  L ( x ) =  [    0 . 1  sin ⁡    x 1   0 ]


  C =  [    1  1 ]         ,     f  L ( x ) =  [    0 . 1  sin ⁡    x 1   0 ]


    x 1  


    x 2  


  c = 1   a n d   𝛾 = 0 . 1 ,    


  K =  [    − 18 . 36  − 33 . 76 ]   ,     L =    [    1 . 27  3 . 07 ]  T ,         𝜆 2 =  [    − 1 . 02  6 . 03 ] ,     Q 2 = 0 . 0956 ,     𝛽 2 = 0 . 1008


    𝛿  i  s = 0


    𝛿 1  a  ( t ) =  {    0                                                 0 ≤ t < 2   0 . 5 − 0 . 25 t           2 ≤ t < 6   − 1                                                           t ≥ 6           ,                    


    𝛿 3  a  ( t ) =  {    0                                                                                         0 ≤ t < 4   1 +  ( t − 4 )   e  − 0 . 5  ( t − 4 )                                 t ≥ 4    


    𝛿 3  a  ( t ) =  {    0                                                                                         0 ≤ t < 4   1 +  ( t − 4 )   e  − 0 . 5  ( t − 4 )                                 t ≥ 4    


      𝛿 2  a =   𝛿 4  a = 0


      𝛿 2  a =   𝛿 4  a = 0


    x  i 1  ( t )


    x  i 2  ( t )


    𝛿 1  s =  sin ⁡   ( t )


  t ≥ 0  


  c = 1 ,   K =  [    − 18 . 36  − 33 . 76 ]   ,   L =    [    1 . 27  3 . 07 ]  T ,     𝜆 1 =  [    8 . 52  5 . 82 ]   ,     𝜆 2 =  [    − 1 . 02  6 . 03 ] ,   Q 1 = 0 . 1058   ,     Q 2 = 0 . 0956 ,   𝛽 1 = 0 . 1010   ,     𝛽 2 = 0 . 1008


  c = 1 ,   K =  [    − 18 . 36  − 33 . 76 ]   ,   L =    [    1 . 27  3 . 07 ]  T ,     𝜆 1 =  [    8 . 52  5 . 82 ]   ,     𝜆 2 =  [    − 1 . 02  6 . 03 ] ,   Q 1 = 0 . 1058   ,     Q 2 = 0 . 0956 ,   𝛽 1 = 0 . 1010   ,     𝛽 2 = 0 . 1008


  A =  [    − 2  − 0 . 03  1 . 9   5 . 3  − 2  − 5   − 5  1 . 9  − 3 . 5 ]     ,     B =  [    − 4   5   − 0 . 16 ]            


  C =  [    1  1  1 ]     ,                                               f  L ( x ) =  [    0   0   2 s i n   x 1 ]


  C =  [    1  1  1 ]     ,                                               f  L ( x ) =  [    0   0   2 s i n   x 1 ]


  c = 1


  𝛾 = 2


  K =  [    42 . 50  6 . 23  − 15 . 21 ]   ,


    L =    [    22 . 65  48 . 12  − 11 . 14 ]  T ,  


    𝜆 1 =  [    − 2 . 50  6 . 25  − 4 . 39 ]   ,  


    𝜆 1 =  [    − 2 . 50  6 . 25  − 4 . 39 ]   ,  


    𝜆 2 =  [    − 12 . 70  7 . 06  0 . 91 ] ,


    𝜆 2 =  [    − 12 . 70  7 . 06  0 . 91 ] ,


    Q 1 = 0 . 0224   ,       Q 2 = 0 . 0033 ,


    Q 1 = 0 . 0224   ,       Q 2 = 0 . 0033 ,


    𝛽 1 = 0 . 0114   ,     𝛽 2 = 0 . 0114


    𝛿 1  a  ( t ) = sin ⁡ ( t )


  15 ≤ t ≤ 20


    𝛿 2  a  ( t ) = 0


    𝛿 3  a  ( t ) = s i n ( 0 . 5 ∗ t )


  15 ≤ t ≤ 20


    𝛿 4  a  ( t ) =   e  − 0 . 1 ∗ ( t − 2 )


  t ≥ 0


    𝛿 1  s  ( t ) = 0


    𝛿 2  s  ( t ) = 1


  t ≥ 0


    𝛿 3  s  ( t ) = ( t − 10 )   e  − 0 . 5 ∗ ( t − 10 )


  10 ≤ t ≤ 15


    𝛿 4  s  ( t ) = 0 . 4 ∗ s i n ( 0 . 3 ∗ t ) ∗ c o s ( 0 . 4 ∗ t )


  t ≥ 0


    x ij


    𝛅  𝟏  𝐚 ( 𝐭 )


      𝛅 ^  𝟏  𝐚 ( 𝐭 )


    𝛅  𝟑  𝐚 ( 𝐭 )


      𝛅 ^  𝟑  𝐚 ( 𝐭 )


    𝐱  𝐢 𝟏  ( 𝐭 )


    𝐱  𝐢 𝟐  ( 𝐭 )


    𝛅  𝟏  𝐬 ( 𝐭 )


      𝛅 ^  𝟏  𝐬 ( 𝐭 )


    𝒙  𝒊 𝟏  ( 𝒕 )


    𝒙  𝒊 𝟐  ( 𝒕 )


    𝐱  𝐢 𝐣  ( 𝐭 )

